
Plane wave scattering by an objecl
in an unbounded, homogeneous,

isotropic, lossless embedding

In this chapter, the simplest scattering configuration is investigated in more detail. It consists
of an unbounded, homogeneous, isotropic, lossless embedding in which a plane wave is incident
upon a scattering object of bounded extent. First, the reciprocity properties of the amplitudes
of the scattered wave in the far-field region are investigated. Next, an energy theorem
("extinction cross-section theorem") is derived that relates the sum of the energy carried by the
scattered wave and the energy absorbed by the scattering object to the amplitude of the scattered
wave in the far-field region when observed in the forward scattering direction. Finally, the first
term in the Neumann solution to the relevant system of integral equations (the so-called
"Rayleigh-Gans-Bom approximation") is determined for penetrable, homogeneous scatterers
of different shapes. The analysis is carried out in the time domain as well as in the complex
frequency domain.

8. | The scattering configuration, the incident plane wave and the far-field
scattering amplitudes

The scattering configuration consists of a homogeneous, isotropic, lossless embedding that
occupies all of ~L3. The acoustic properties of the embedding are characterised by its volume
density of mass p and its compressibility K, which are positive constants. The associated
acoustic wave speed is c = (pK)-V2, which is also a positive constant. In the embedding, an
acoustic scatterer is present that occupies the bounded domain ~9s. The boundary surface of
~Ds is denoted by 3Ds and v is the unit vector along the normal to ~Ds oriented away from ~Ds.

s ’ s.    3.                 s’ ¯ rThe complement of a9 t~O~D m ~ is denotedby a9 (F~gu e 8.1-1).

Time-domain analysis

In the time-domain analysis of the problem, the acoustic properties of the scatterer are, if the
scatterer is an acoustically penetrable object, characterised by the relaxation functions
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Figure 8. |-1 Scattering object occupying the bounded domain Ds in an unbounded acoustically
homogeneous, isotropic, lossless embedding with volume density of mass p and compressibility ~c.

s s s s{/ul~,,Z } = {~I~,~,Y. } (x,t), which are causal functions of time. The equivalent contrast volume
source densities of injection rate and force are then given by (see Equations (7.9-18) and
(7.9-19))

fff =-~tCt(lzSk, r- pOk, rf(t),Vr;X;t) for x~Ds, (8.1-1)

qS = _OtCt(zs _ r6(t), p;x;t) for x~Ds, (8.1-2)

in which the total acoustic wave field {p,Vr} is the sum of the incident wave field {pi,vir} and
the scattered wave field {pS,v~} (see Equation (7.9-5)). If the scatterer is acoustically
impenetrable, either of the two boundary conditions

limh+0 p(x + h~,,t) = 0 for x~9s (8.1-3)

or

limh+0 l~rVr(3C + hv, t) = 0 for x~Ds (8.1-4)

applies.
For the incident wave we now take the uniform plane wave (see Equations (6.4-7) and

(6.4-13))
i i{p ,Vr} = {P,Vr}a(t- asXs/C) , (8.1-5)
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that propagates in the direction of the unit vector a (i.e. asas = 1) and has the normalised pulse
shape a(t). Its acoustic pressure and particle velocity amplitudes are related through (see
Equations (6.4-15) and (6.4-16))

Vr = YPar’
(8.1-6)

in which (see Equation (6.4-17))

Y=(~/p)1/2 =(pc)-1 with (...)~A > 0 (8.1-7)

is the acoustic plane wave admittance of the wave.
For an acoustically penetrable scatterer we use for the scattered wave the constrast volume

source integral representation (see Equations (7.9-20) and (7.9-21))

I pq s , Ct(G~f,f~;x:x,t)] dV for x’~!R.3 (8.1-8)pS(x;t) = [Ct(G ,q ;x,x,t) +

and

s, ~x [Ct(GVrq’qS;x;x’t)+Ct(Gr’k’f£;x’x’t)ldVYr(X,t)=                              vf s ,
for x’~R3, (8.1-9)

in which (see Exercise 7.8-9 with x and x’ interchanged)

G Pq(x’,x,t) = p~tG(x’,x,t),

GkPf (x;x,t) =-~c G(x;x,t) ,
,GrVq(x’,x,t) =-Dr G(x ,x,t) ,

(8.1-10)

(8.1-11)

(8.1-12)

G f, f~(x:x,t) = p-1 ~)(x’ - x)H( t)~r,k + p-l a ; 2; [ItG(x~,x,t) ] , (8.1-13)

where Or~ denotes differentiation with respect to x.~, and

6(t- Ix’- xl/c)
G(x’,x,t) = forx’ ~x. (8.1-14)

4Mx’ - xl
In thefarfield region, the expansion

{pS, VSr}(X:t) _ {pS;~ @~}(~’,t-Ix’l/c) [1 + O([x’[-1)l as Ix’l--->oo withx’ = [x’[~ (8.1-15)
4zlx’l

holds, where (see Equations (5.10-5)-(5.10-10))

pS;OO = p~tq5 qS;oo + c-l~kOt~fkS;Oo ,

and
S;oo

Vr = (pc)-l~rps;~,

in which

¢ qS;°°(~’,t) = f qS(x,t + ~sXs/C) dV
x~D~

(8.1-16)

(8.1-17)

(8.1-18)
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and

fs;~    f f~(x,t $sXs/C) dV. (8.1-19)+
X~s

For an acoustically impenetrable scatterer the acoustic wave field is not defined in the
interior Ds of the scatterer and we have to resort to an equivalent surface source integral
representation that expresses the scattered wave field in the exterior Ds’ of the scatterer in terms
of the wave field on the boundary surface O~)s of ~s. This representation is, on account of
Equations (7.12-38) and (7.12-39),

pq s , ct(a~f, of~;x~,x,t)] dA for x’~3 (8.1-20)pS(x’,t)X#’(x’) : f [c,(a ,Oq ;x,x,t) +
g xc-D~~

and

VSr(X"t)X~DS’(X’) : ~x~09s [Ct(GTq’~qS;x"x’t) + C’(Gr:{’~f~;x:x’t)] dA for x’~a3, (8.1-21)

in which (note the orientation of gin)
s~qS = ~’rVr (8.1-22)

and

af~ = vkps. (8.1-23)

In the far-field region, the expansion given in Equation (8,1-15) holds, where, based upon
Equations (8.1-20) and (8.1-21), we have

pS;OO = p~tqb OqS;~ c-l ~k~tqb OkfS;~+ (8.1-24)

and
s;,,o . ,-1~. s;,,~Vr = (pc) grP , (8.1-25)

in which (note the orientation of urn)

qb aqS;°°(~’,t) = f ~qS(x,t + ~sxs/c) dA (8.1-26)
d

and

k ’ (~,t)=      (x,t + ~sXs/C) dA.                         (8.1-27)
d x~D

However, upon applying Equations (7.12-12) and (7.12-19) to the incident wave field {pi,v~}
and to the domain 9s, we have (note that the incident wave fieldqs source-free in ~s)

i , f " pf i , dA      forx’~9~3
p (x,t)X~s(X’) =-- [Ct(GPq,~q~;x;x,t) + Ct(Gk ,~f/c;x,x,t)] (8.1-28)

d x~s

and
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i , Ix [C’(GrVq’~qi;x;x’t) + Ct(GrV’fk’~f~;x;x’t)] dA for x’~R3, (8.1-29)vr(x , t)Z ~(x’) =

in which (note the orientation of
’ i~ql = -grVr (8.1-30)

and

~f~ = -~’kpi. (8.1-31)

Subtraction of Equation (8.1-28) from Equation (8.1-20) and of Equation (8.1-29) from
Equation (8.1-21) leads to

i ,
fx [Ct(GPq’~q;x~’x’t) + Ct(G~f’~fk;x"x’t)] dA

pS(x,, t)x - p (x, t)z =

for x’~R3 (8.1-32)

and

s , , , i , ’ f [Ct(Gvrq,Oq;x~,x,t) + Ct(GVr.fk,~fk;x;x,t)] dAVr(X,t)XDS(X )-Vr(X,t)XDS(X )=

for x’~R3 , (8.1-33)

in which (note the orientation of Urn)

Oq = UrVr (8.1~34)

and

3fk= ukp . (8.1-35)

In the far-field region, again the expansion given in Equation (8.1-15) holds where, based upon
Equations (8.1-32) and (8.1-33), we now have

pS;~, = p~t¢ Oq;~, + c-1 ~kOtqb ~k fiOo (8.1-36)

and

vr = (pc)-l~r pS;~, (8.1-37)

in which (note the orientation of Urn)

¢ Oq;~’(~’,t) = f Oq(x,t + ~sXs/C) dA (8.1-38)
,~x~D~

qb2f"~’(~,t) = l Ofk(x,t + ~sXs/c) dA . (8.1-39)
~D~

Of course, the equivalent surface source representations also apply to the case of an acoustically
penetrable scatterer. For x’~Ds ’, Equations (8.1-20) and (8.1-21), and Equations (8.1-32) and
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(8.1-33) must then yield the same result as Equations (8.1-8) and (8.1-9). Similarly, in the
far-field region, Equations (8.1-24)-(8.1-27) and (8.1-36)-(8.1-39) must yield the same result
as Equations (8.1-16)-(8.1-19). Note, however, that the results for x’~ ~Ds differ.

Equations (8.1-8) and (8.1-9), when taken for x’~Ds, provide the basis for the time-domain
domain integral equation method to solve problems of the scattering by penetrable objects. For
solving problems of the scattering by impenetrable objects, Equations (8.1-32) and (8.1-33)
provide, when taken for x’~0~Ds, the basis for the time-domain boundary integral equation
method and, when taken for x’~9s, the basis for the time-domain null-field method. For general
scatterers, all three methods need numerical implementation.

Complex frequency-domain analysis

In the complex frequency-domain analysis of the problem, the acoustic properties of the
scatterer are, ~if the scatterer is an acoustically penetrable object, characterised by the functions

^S ^S          S ^S{ ~/~,r,r/ } = {~k,r,r/ }(x,s).           The equivalent contrast volume source densities of injection rate and
force are then given by (see Equations (7.9-41) and (7.9-42))

f~s = _(~/~S,r- SP6k, r)~r for x~Ds,
(8.1-40)

~ s = _(os _ sg)i3 for xs~Ds,
(8.1-41)

in which the total acoustic wave field {fi,Or} is the sum of the incident wave field {/3~ ~/1} and
the scattered wave field {/3 S,~rS} (see Equation (7.9-28)). If the scatterer is acoustically
impenetrable, either of the two boundary conditions

limh~0 i3(x + hv,s) = 0 for x~0Ds (8.1-42)

or

(8.1-43)

applies.
For the incident wave we now take the uniform plane wave (see Equations (6.1-3), (6.1-12),

(6.2-3) and (6.2-12))
^iP ,Vr ~ = {P, Vr}~(s) exp(-sasXs/C), (8.1-44)

that propagates in the direction of the unit vector a (i.e. asas = 1) and has the complex
frequency-domain normalised pulse shape ~(s). Its acoustic pressure and particle velocity
amplitudes are related through Equations (8.1-6) and (8.1-7).

For an acoustically penetrable scatterer we use for the scattered wave the contrast volume
source representation (see Equations (7.9-43) and (7.9-44))

/3 s(x’,S) = fx [~Pq(X;X,s)~s(x,S)d-~f(x:X,S)ff(X,S)] dV for x’~R3
~Ds

(8.1-45)

and

for x’~R3, (8.1-46)
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in which (see Exercise 7.8-10 with x and x’ interchanged)

~f (x~,X,$) "---2;

8~q(x’,x,s) =-2; 8(x’,x,s) ,

8~(x;x,s) = (~p)-l ~(x, _ X)~r,k + (W)-I~; ~; 8(x;x,s) ,
where Om means differentiation with respect to xm, and

~(x;x,s) = exp(-slx’ - xl/c) for x’ � x.
4z~lx’ - xl

In the far-field region~ the expansion

{/3 S, ~rS } (x; s) , .,s’** ^s;~,,,,- , exp(-slx’l/�)I1 + O(ix,l-1)l
= lP ’ , vr ~ [6,s) 44x’1

as Ix’l~oo with x’= Ix’l~

holds, where (see Equations (5.9-11)-(5.9-16))

/3 ~"~ = w~ q ’ + (~/C)~k4~[ ’
and

~rs;~ -l~ri3 s;~= (pc) ,

in which

~qS;**(~"s) = I ~S(x,s) exp(s~sXs/C) dY,
d x~Ds
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(8.1-47)

(8.1-48)

(8.1-49)

(8.1-50)

(8.1-51)

(8.1-52)

(8.1-53)

(8.1-54)

(8.1-55)

and

~fk ’ (~,s) = (x,s) exp(s~sXs/C) dV. (8.1-56)

For an acoustically impenetrable scatterer the acoustic wave field is not defined in the
interior Ds of the scatterer and we have to resort to an equivalent surface source integral
representation that expresses the scattered wave field in the exterior 9s’ of the scatterer in terms
of the wave field values on the boundary, surface 3Ds of Ds. This representation is, on account
of Equations (7.12-40) and (7.12-41),

p (x,s)z~(x)= dPq(x;x,s)O~S(x,s) + d~mf(X’,X,S)Of~(x,s)] dA
d x~D"

for x’~3 (8.1-57)

and
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for x’~3 , (8.1-58)

in which (note the orientation of Vm)
^S

o~s= l~rVr (8.1-59)

and

Ofks = ~kfi s. (8.1-~)

In ~efar-field region, ~e expansion given in ~uation (8.1-15) holds, where, based upon
~uafions (8.1-57) and (8.1-58), we have

fi s;~ = Sp~ DqS;~ + (S/C)~k~fs;~ (8.1-61)

and
* S;~ -1 s;~
Vr = (pC) ~r ~ , (8.1-62)

in which

~ 0q~;~(~’s) = ~x~ o~s(x’s) exp(s~sXslC) ~ (8.1-63)

and

~ ’ (~,s) = Of~(x,s) exp(s~sXslC) ~. (8.1-~)

However, upon applying ~uations (7.12-30) and (7.12-37) to the incident wave field
~i~i{p, vr } and to the domNn ~s, we have (note ~at the incident wave field is source-free in ~s)

. ~p~ ,

d x~s

for X’~ (8. ~-6~)

for x’~3 , (8.1-66)

in which (note the orientation of ~’m)

~t i = -~r¢~1 (8.1-67)

and

~ f i~ = -vk~ i. (8.1-68)



Plane wave scattering in a homogeneous, isotropic, Iossless embedding 229

Subtraction of Equation (8.1-65) from Equation (8.1-57) and of Equation (8.1-66) from
Equation (8.1-58) leads to

,,i ,S) Z, - 1 (X,S) Z )

= f ,(~Pq(X’,X,S)O~(X,S)+ ~f(x;x,s)Ofl~(x,s)] dA for x’~R3 (8.1-69)

and

,,i            ,
Vr(X ,S)XDs (x )-Vr(X,S)X~DS(X )

= [ ,[~rVq(X~,X,S)Ot~(X,S) + ~rV, fk(x’,X,S)~fk(X,S)] dA
.I x~

for x’~R3, (8.1-70)

in which (note the orientation of ~m)

~= ~r~r (8.1-71)

and

~f/¢ :~kfi. (8.1-72)

In the far-field region, again the expansion given in Equation (8.1-52) holds, where, based upon
Equations (8.1-69) and (8.1-70), we have

/3 s;°° = sp~ 3q;~o + (s/c)~:~f;oo (8.1-73)

and
^s;oo

-l~r~ s;oovr = (pc) , (8.1-74)

in which

~ ~q;°°(~,S) "- f ~st~(X,S) exp(s~sXs/C) dA (8.1-75)
d x~b9

and

~k~J~=(~’,s) : f ~fk(X,S) exp(s~sXs/C) dA . (8.1-76)

Of course, the equivalent surfac,e source representations also apply to the case of an acoustically
penetrable scatterer. For x’~Ds , Equations (8.1-57) and (8.1-58) and .Equations (8.1-69) and
(8.1-70) must then yield the same result as Equations (8.1-45) and (8.1-46). Similarly, in the
far-field region, Equations (8.1-61)-(8.1-64) and (8.1-73)-(8.1-76) must yield the same result
as Equations (8.1-53)-(8.1-56). Note, however, that the results for x’~s differ.

Equations (8.1-45) and (8.1-46), when taken for x’~Ds, provide the basis for the complex
frequency- domain domain integral equation method to solve problems of the scattering by
penetrable objects. For solving problems of the scattering by impenetrable objects, Equations
(8.1-69) and (8.1-70) provide, when taken for x’~Ds, the basis for the complex frequency-
domain boundary integral equation method and, when taken for x’~9s, the basis for the complex
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frequency-domain null-field method. For general scatterers, all three methods need numerical
implementation.

The different representations in this section will be needed in the analysis in the remainder
of this chapter.

Exercises

Exercise 8. 1-1

Show that from Equations (8.1-32) and (8.1-33) it follows that

p(x;t)Z~s’(X’) = pi(x;t) + f [Ct(GPq,~q;x~,x,t) + Ct(G~f,~fk;x;x,t)] dA
,I xc-~39~

for x’~3

and

Vr(X’, t)Z~’(x’) = Vir(X’, t) + ~ s[Ct(GrVq,~q;x;x,t) + Ct(G Vr,fk,~fk;x;x,t)] dA

for x’~.3 ,

in which (note the orientation of ~m)

3q = ~rVr

and

Ofk=~kp.

(Hint: Consider the cases x’ ~Ds ", x" ~ODs and x’ ~Ds.)

(8.1-77)

(8.1-78)

(8.1-79)

(8.1-80)

Exercise 8.1-2

Show that from Equations (8.1-69) and (8.1-70) it follows that

fi(X~,S))(,~Ds’(X") =/~ i(x,s)+ f [~Pq(X’,X,$)~(X,S) + ~f(x]x,s)~fk(X,S)]
d x~~

for X’~3

and

f [Vr(X,S)Z~ (x ) = Vr(X,S) + 6~q(x;x,s)O~(x,s) + d (x;x,s)O f ~(x,s)
J x~D~

(8.1-81)

for x’~L3 , (8.1-82)
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in which (note the orientation of ~m)

and

(Hint: Consider the cases x’~Ds ’, x’~3~Ds and x’~DS.)
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(8.1-83)

(8.1-84)

8.2 Far-field scattered wave amplitude reciprocity of the time convolution
type

In this section we investigate the reciprocity relation of the time convolution type that applies
to the far-field scattered wave amplitude at plane wave incidence upon an acoustically
penetrable or impenetrable object. The scattering configuration shown in Figure 8.1-1 applies.
Two states (A and B) in this configuration are considered. In state A, a uniform plane acoustic
wave that propagates in the direction of the unit vector a is incident upon the scattering object;
in state B, a uniform plane acoustic wave that propagates in the direction of the unit vector ]/
is incident upon the scattering object. It will be shown that the far-field scattered wave amplitude
in state A when observed in the direction of observation ~’= -/ff is related, via reciprocity, to the
far-field scattered wave amplitude in state B when observed in the direction of observation
~’= -a (Figure 8.2-1).

The corresponding relationships in the time domain and in the complex frequency domain
are derived separately below.

Time-domain analysis

In the time-domain analysis, the incident uniform plane wave in state A is taken as

i;A i’A, {pA,VrA}a(t OZsXs/C) (8.2-1)p ,v;.’ / = - ,

with

VrA = yp AtZr , (8.2-2)

in which Y is given by Equation (8.1-7). In the far-field region, the scattered wave in state A is
represented as

,- s;A;~ s;A;~,,,.~..
s’A s’A ..... IP ,Vr Jtg,t-lx’l/c)r11+ O([x’l-1)l

"iP ’ , vr’ J (x, t) =         4zrlx’l

as Ix’l~ with x’= Ix’If,

in which, on account of Equations (8.1-22)-(8.1-27),

pS;A;~, = pOt¢ 3qS;A;~, + c-l~kOt¢OkfS;A;~

(8.2-3)

(8.2-4)
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Figure 8.2-I
convolution type.

Configuration for the far-field scattered wave amplitude reciprocity of the time

and

Vr, , = (pc)-l ~r ps;A;°°,

with

~ ~qS’A;’ ....
!,~,t) = f ~qS;n(x,t          + ~sXs/C) dA

d x~D

and s..
Ck~f ’A’°°(~r,t) ---- ;A(x,t + ~sXs]C) dA,

,/xc--c3D

in which (note the orientation of urn)
s;A

-- ~,rVr

and

Of/~;A = ~kps;A.

Similarly, the incident uniform plane wave in state B is taken as

(8.2-5)

(8.2-6)

(8.2-7)

(8.2-8)

(8.2-9)
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i’B i;B ~
P ’ ,Yr J = IPB, vr Jbff -psXs/c) ’

with

V? = YP B flr .

In the far-field region, the scattered wave in state B is represented as

, s;B s’,B.. ,.. {PS"B"~Vr J(~,t-lx’l/c)[1 +O(ix,l-1)]iP , Vr JIX, t) = 4zrlx’l

as Ix’l-~oo with x’= Ix’l~’,

in which, on account of Equations (8.1-22)-(8.1-27),

pS;B;oo = p~t~ ~qS;B;~ + c-l~k~tqb:fS;B;~

and

V~;B;°° = (PC)-l~r pS;B;~,

wi~

¢ ~q~;B;~(~,0 = [ ~qS;B(x,t + ~sXs/C) ~

d x~s

and

=
0 x~9

in which (note the orientation of um)
s’BOqs;B = VrVr’

and

233

(8.2-10)

(8.2-11)

(8.2-12)

(8.2-13)

(8.2-14)

(8.2-15)

(8.2-16)

(8.2-17)

~f~;B = vkpS;B. (8.2-18)

If the scatterer is penetrable, its acoustic fluid properties in state B are assumed to be the adjoint
of the ones pertaining to state A. If the scatterer is impenetrable, either of the two boundary
conditions given in Equations (8.1-3) or (8.1:4) applies. These boundary Conditions apply to
both state A and state B, and are, therefore, self-adjoint.

To establish the desired reciprocity relation, we first apply the time-domain reciprocity
theorem of the time convolution type (Equation (7.2-7)) to the total wave fields in the states A
and B, and to the domain a9s occupied by the scatterer. For a penetrable scatterer this yields

~x A B BACt(p Vm;X,t)l    0 (8.2-19)Vm ICt(P ,Vm;X,t) - dA = ,

since in the interior of the scatterer the total wave fields are source-free. For an impenetrable
scatterer, Equation (8.2-19) holds in view of the boundary conditions upon approaching ~Ds
via Ds’. In Equation (8.2-19) we substitute
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A A {pi;A s;A i;A s;A.
{p ,Vr }- +19 ,Vr + Vr J (8,2-20)

and
B B {pi;B . s;B i;B s’B{p ,Vr } =    ~’p ,vr + vr’ }.                                 (8.2-21)

Next, the time-domain reciprocity theorem of the time convolution type is applied to the
incident wave fields in states A and B and to the domain Ds. Since the incident wave fields are
source-free in the interior of the scatterer and the embedding is self-adjoint in its acoustic
properties, this leads to

f p_[ i;A i;B .-,. i;B i;A
Ct(p ,Vm ;X,t) - ~ttP Vm ;X,t)J dA = 0. (8.2-22)

Finally, the time-domain reciprocity theorem of the time convolution type is applied to the
scattered wave fields in states A and B and to the domain Ds’. Since the embedding is self-adjoint
in its acoustic properties and the scattered wave fields are source-free in the exterior of the
scatterer and satisfy the condition of causality, this leads to

fxc--~[,-,, s;A s;B - ,-,, s;B s;A ..1
I~rn [t..t!,p ,vm ;X,t) - t~t~.p Vm ;X,t)J dA = O. (8.2-23)

From Equations (8.2-19)--(8.2-23) we conclude that

fx r.-.. i;A s;B - .-,. s;A i;B .
Pm Lt~Ap ,Vm ;X,t) + ~t!.p ,Vm ;X,t)

.-,. i;B s;A .... s;B i;A- t..t~,p Vrn ;x,t) - t_.t!,p vm ;x,t)J dA = O. (8.2-24)

However, on account of Equations (8.2-1) and (8.2-2), (8.2-4)-(8.2-9), (8.2-10) and (8.2-11),
and (8.2-13)-(8.2-18) we have

fx I.-,. s;A i;B . .-,. i;B s;A
~’m [tSt!.P ,vm ;X,t) - tSt~.p ,vm ;X,t)J dA

= _p-lp B f t

" ",, ~b( t -

and

fx s;B i;A
L [Ct(p

,vm ;x,t) .-,. i;A s;a- Idttp ,Vm ;x,t)J dA1~m

(8.2-25)
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= ~t dt’Ix Vm[pS;B(x’t’)VmA-pAv~B(x’t’)]a(t-asXs/C-t’)dA
"~R ~D~

d t" +R d

= _p-lpA f a(t-t")It[pS;B;~(-a,t")]dt". (8.2-26>
d t" ~R

Equations (8.2-24)-(8.2-26) lead to the desired reciprocity relation for the far-field scattered
wave amplitudes:

p B It" ~ b~ (t - t")It [pS;A;**(-fl, t")] dt"

= p A ~t       .    s;B;.,, .                                   (8.2-27)
,,~:(t-t )I1 [p (-a,t)1 dr".

At this point it is elegant to express the linear relationship that exists between the far-field
scattered wave amplitude and the incident wave field, both in state A and in state B. To this end,
we write

pS;A;oo(~.,t) = pA f, a(t,)sA(~,a,t- t’) dt’

.t t~R
(8.2-28)

and

pS;B;~(~,t) = pB f b(t’)sB(~,fl, t- t’) dt’,
,� t’~R

(8.2-29)

where S A and S B are the configurational time-domain acoustic pressure far-field scattering
coefficients. Substitution of Equations (8.2-28) and (8.2-29) in Equation (8.2-27) and rewriting
the convolutions, we obtain

pBpAIt
f" b(t")dt" [ a(t’)sA(-fl, a,t-t"-t’)dt’

¯ ~t ~R        dt’+R

pApBIt [ a(t") dt" f b(t’)s B (-a,fl, t- t" - t’) dt’,
,l t"~R ,~ t                  ’~R

(8.2-30)

where, in accordance with the rules applying to the time convolution, the operator It has been
brought in front of the integral signs. Taking into account that Equation (8.2-30) has to hold for
arbitrary values of pA, pB, a(t) and b(t), and using the causality of the scattered waves, we end
up with

s A(_fl, a,t) = s B (_a,fl, t) (8.2-31)

as the final expression of the time-domain reciprocity property under consideration.
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Complex frequency-domain analysis

Acoustic waves in fluids

In the complex frequency-domain analysis, the incident uniform plane wave in state A is taken
as

i’A ^ i;A~
{ff ’ ,Vr I = {pA, vrA}~($) exp(-SasXs/C), (8.2-32)

with

VrA = YP aar , (8.2-33)

in which g is given by Equation (8.1-7). In the far-field region, the scattered wave in state A is
represented as

s’,A;~, ¢ s’A.~ .... exp(-slx’l/c)[1 + O(ix,l_l)],r~;- L;A,,---s,~ ~-’- ~ = {~ r’ ’
4~rlx’l

as Ix’l~, with x’= Ix’l#,

where, on account of Equations (8.1-59)-(8.1-64),

fi s;A;,,,, = Sp~) ~qS;A;’*’ + (S]C)~k~:fs’A;’~,

and

Ors;A;°° = (PC)-1 ~r fi s;A;~,

wi~

~ OqS;A;~(~’S) = fix Oq s;A(x,s) exp(s~sXs/C) ~

~D~

~~’~’~ " ~ of~;a(x,~ exp(~,x/c~ ~ ,’ ’ tg,s) =

in which (note the orientation of Vm)

and

~f~;A = vkfi s;A

Si~lmly, ~e incident unifo~ plane wave in state B is taken as
i;B ~ i;B.{~ ,Vr ~ = {PS,V~}g(s) exp(-SflsXs/C),

with

In ~e f~-field region, the scattered wave in state B is represented as

(8.2-34)

(8.2-35)

(8.2-36)

(8.2-37)

(8.2-38)

(8.2-39)

(8.2-40)

(8.2-41)

(8.2-42)
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{/3s:B, OrS;B}(x’,s): {/3 s;B:o~ ors.,g;~,}(~,S) exp(-slx’llc)[1 + O(Ix’]-l)]
4~rlx’l

as Ix’l~ with x’= Ix’l~,

237

(8.2-43)

where, on account of Equations (8.1-59)-(8.1-64),

(8.2-44)

and

0rs;s;~’ = (PC)-l~r/3 s;B;~,, (8.2-45)

with

~ aqS;B;°°(~,S) = f a4 s;B(x,S) exp(s~sXs/C) dA (8.2-46)
d x~~

~i0fs;B’= [ af~;B(x,s) exp(S~sXs/C) ~,’ (gs)= (8.2-47)

in which (note the orientation of

a0 S;B = Vpr
and

(8.2-48)

~f/~;B = i~ki3 s;B.                                                  (8.2-49)

If the scatterer is penetrable, its acoustic fluid properties in state B are assumed to be the adjoint
of the ones pertaining to state A. If the scatterer is impenetrable, either of the two boundary
conditions given in Equations (8.1-42) or (8.1-43) applies. These boundary conditions apply to
both state A and state B, and are, therefore, self-adjoint.

To establish the desired reciprocity relation, we first apply the complex frequency-domain
reciprocity theorem of the time convolution type Equation (7.4-7) to the total wave fields in the
states A and B, and to the domain ~9s occupied by the scatterer. For a penetrable scatterer this
yields

(8.2-50)fx
I"m [/3 A .,B

B .,A
(X,S)Vm (X,S) -/3 (X,S)Vm (X,S).] dA = O,

since in the interior of the scatterer the total wave field is source-free. For an impenetrable
scatterer, Equation (8.2-50) holds in view of the boundary conditions upon approaching OOs
via ~ . In Equation (8.2-50) we substitute

{/3 A,0rA} = {/3i;A +/3 s;A,0ri;A + 0rs;A} (8.2-51)

and
,, s;B ,, i;B 0rS;B}                (8.2-52){/3 B,0rB} = {/3 i;B + P ,Vr +    .

Next, the complex frequency-domain reciprocity theorem of the time convolution type is
applied to the incident wave fields in the states A and B and to the domain ~)s. Since the incident
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wave fields are source-free in the interior of the scatterer and the embedding is self-adjoint in
its acoustic properties, this leads to

Ix .. i;A    ^ i;B ^ i’B ^ i;A. x]l~m[PL (X,S)Vm (X,$) dA = 0.- p ’ (x,s)vm Ix, s)j (8.2-53)

Finally, the complex frequency-domain reciprocity theorem of the time convolution type is
applied to the scattered wave fields in the states A and B, and to the domain Ds’. Since the
embedding is self-adjoint in its acoustic properties and the scattered wave fields are source-free
in the exterior of the scatterer and satisfy the condition of causality, this leads to

Ix Op (x,s)vm (x,s) (x,s)vm (x,s)] dA = o.

From Equations (8.2-50)-(8.2-54) we conclude that

’ (X’S)Vm ~"~’~1 + ~ IX’S)Vm
D~m[/3i’A .^s’,B,_., s;A. .^i;B.

i’B. .^s’A. .    s;B. .^i;A.
-- ~ ’ tX, S)Vm’ IX, S) -- ~ !,X,S)Vr~ tX, S)J dA = O .

(8.2-54)

However, on account of Equations (8.2-32) and (8.2-33), (8.2-35)-(8.2-40), (8.2-41) and
(8.2-42), and (8.2-44)-(8.2-49) we have

fx [ ^s;A" .^i;B. .    i;B    ^s;A
Um [P IX, s)Vnl IX, s) - ~ (X,s)Vm (X,s)] dA

^ s;A B
= f Vm[P (x,s)V~n - pBOSm"A(x,s)]~)(s) exp(-SflsXs]c) dA

B/~,S. ^ s’A;,,,,-=-(sp) t )1) ’
and

^s;B ^i’A
’ (X,S)i)n]’ (X,s)] dAIxc__O~Dfm [p (X,s)i)~ (X,S) - fi i’A ^ s’B

=Ix ~’m [/~s’B,’ Ix, S)Vm’" A _ p Aot~;B(X,S)] gt(s) exp(_SasXs/C) dA

= --(SP)-1P A~(s)fi s;B;°°(--~,S)¯ (8.2-57)

Equations (8.2-55)-(8.2-57) lead to the desired reciprocity relation for the far-field scattered
wave amplitudes:

B/~S, ^ s;A’o~P t )P ’ (-fl, s) = P t~(s)fi s;B;~(-a,s). (8.2-58)

At this point it is, again, elegant to express the linear relationship that exists between the acoustic
pressure far-field scattered wave amplitude and the incident wave field, both in state A and in
state B. To this end, we write, in accordance with Equations (8.2-28) and (8.2-29)

(8.2-56)

(8.2-55)
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~ s;A;~(~’,s) = P A~(s)~ A(~,a,s) (8.2-59)

and

/~ s;B;~(~,s) = p B/~(s)g B(~,fl, s), (8.2-60)

where ~ A and ~ 13 are the configurational complex frequency-domain acoustic pressure far-field
scattering coefficients. Substitution of Equations (8.2-59) and (8.2-60) in Equation (8.2-58)
yields

p Bp A/~(s)~(s)g A(_fi, a,$) = p Ap B~($)/~(S)g B (-a,fl, s).               (8.2-61)

Taking into account that Equation (8.2-61) has to hold for arbitrary values of PA, pB, 3(s) and
b(s), we end up with

g A(_fl, a,s) = g B(_a,fl, s) (8.2-62)

as the final expression of the complex frequency-domain reciprocity property under considera-
tion.

In a theoretical analysis, the reciprocity relations derived in this section serve as an important
check on the correctness of the analytic solutions, as well as on the accuracy of numerical
solutions to scattering problems. Note, however, that the reciprocity relations are necessary
conditions to be satisfied by the scattered wave field (in the far-field region), but their
satisfaction does not guarantee correctness of a total analytic solution or a certain accuracy of
a total numerical solution. In a physical experiment, the redundancy induced by the reciprocity
relations can be exploited to reduce the influence of noise on the quality of the observed data.

References to the earlier literature on the reciprocity relations of the type discussed in this
section can be found in De Hoop (1960).

Exercises

Exercise 8,2-1

To what form does Equation (8.2-27) reduce if a(t) = b(t) and pA = pB? (Hint: Use the fact that
the resulting indentity has to hold for any pulse shape and employ the causality of the scattered
wave.)

Answer:

p s;A;°~(-fl, t) = p s;B;’~(-a,t) .

Exercise 8.2-2

To what form does Equation (8.2-58) reduce if ~(s) =/~(s) and pA = pB?

Answer:
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Exercise 8.2-3

Show that Equation (8.2-62) follows from Equation (8.2-31) by taking the time Laplace
transform.

8.3 Far-field scattered wave amplitude reciprocity of the time correlation
type

In this section we investigate the reciprocity relation of the time correlation type that applies
to the far-field scattered wave amplitude reciprocity for plane wave incidence upon an
acoustically penetrable or impenetrable object. The scattering configuration shown in Figure
8.1-1 applies. Two states (A and B) in this configuration are considered. In state A, a uniform
plane acoustic wave that propagates in the direction of the unit vector a is incident upon the
scattering object; in state B, a uniform plane acoustic wave that propagates in the direction of
the unit vector fl is incident upon the scattering object. It will be shown that a certain relation
exists between the far-field scattered wave amplitudes in states A and B (Figure 8.3-1).

The corresponding relationships in the time domain and in the complex frequency domain
will be derived separately below.

Time-domain analysis

In the time-domain analysis, the incident uniform plane wave in state A is taken as
i;A i;A, {pA, vrA}a(t_asXs/C)’                              (8.3-1)

P ,Vr I =

with

VrA = YP Aar , (8.3-2)

in which Y is given by Equation (8.1-7). In the far-field region, the scattered wave in state A is
represented as

s;A;,~,
s;A s;A.. , -

{pS;A;o~ Vr J(~’,t-Ix’l/c)[r1 + O(Ix,l_ln)j

I"
tP , Vr JIX, t) --         4zdx’l

as Ix’l~o with x’= Ix’l~’, (8.3-3)

in which, on account of Equations (8.1-22)-(8.1-27),

pS;A;~, = p0t~ OqS;A;"~+ c-l~kot~fs;A;~
(8.3-4)

and-

VSr;A;°° = (Pc)-1 ~r pS;A;o,,, (8.3-5)

with
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Figure 8.3-1 Configuration for the far-field scattered wave amplitude reciprocity of the time
correlation type,

¢ bqS;A;~’(~"t) = I aqS;A(x’t + ~sXs/C) dA

d x~-x3a)s

and

~b:fS;A;~’(~"t) = fxc--aOs OI~;A(x’t + ~s/C) ~ ’

in which (note the orientation of ~m)

0qS;A s’A= PrVr’

and

Of~;A = vkpS;A.

Sillily, the incident unifo~ plane wave in state B is taken as
i;B i;B

P ,Vr }= {pB,v~}b(t-~sXs/C),

wim

(8.3-6)

(8.3-7)

(8.3-8)

(8.3-9)

(8.3-10)
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In the far-field region, the scattered wave in state B is represented as

¢ s;B;~ s;B;~....
{pS;B, VSr;B}(x;t) _ tP , Vr J(g,t-Ix’l/c)[1 +

4~x’l

Acoustic waves in fluids

(8.3-11)

as Ix’l~oo with x’ ’= Ix I~’, (8.3-12)

in which, on account of Equations (8.1-22)-(8.1-27),

pS;B;*o = p~t~ ~qS;B;oo c-l~ ~ qb ~fS;B;"°+ k t k (8.3-13)

and
s;B;oo

Vr =" " ~tPc)-lgr ps;B;~°, (8.3-14)
with

(8.3-15)

and

qbk~fS;B;°°(~"t) = I ~fflc;B(x’t + ~sXs/c) dA ,

J ~.~D~
(8.3-16)

in which (note the orientation of Vm)

~qS;B = VrVSr;B (8.3-17)
and

Of/~;B = vkpS;B.                                                  (8.3-18)

If the scatterer is penetrable, its acoustic fluid properties in state B are assumed to be the
time-reverse adjoint of the ones pertaining to state A. If the scatterer is impenetrable, either of
the two boundary conditions given in Equations (8.1-3) or (8.1-4) applies. These boundary
conditions apply to both state A and state B, and are, therefore, time-reverse self-adjoint.

To establish the desired reciprocity relation, we first apply the time-domain reciprocity
theorem of the time correlation type (Equation (7.3-7)) to the total wave fields in the states A
and B, and to the domain Ds occupied by the scatterer. For a penetrable scatterer this yields

fxc-@A B B A
Vm [Ct(P ,Jt(Vra);x,t) + Ct(Jt(p ),vm;x,t)l dA = 0, (8.3-19)

since in the interior of the scatterer the total wave fields are source-free. For an impenetrable
scatterer, Equation (8.3-19) holds in view of the boundary conditions upon approaching ODs

S’via D . In Equation (8.3-19) we substitute
A A {pi;A. s;A i;A s’A

{P ,Vr } = ~-P ,vr + Vr’ } (8.3-20)

and
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B B {pi;B . s;B i;B . s;B,{p ,Vr}= *P ,Vr *v~ ~. (8.3-21)
Next, the time-domain reciprocity theorem of the time correlation type is applied to the incident
wave fields in the states A and B and to the domain Ds. Since the incident wave fields are
source-free in the interior of the scatterer and the embedding is time reverse self-adjoint in its
acoustic properties, this leads to

Ct(p ,Jt(v’~ );x,t) + Ct(Jt(pi;B),v~A;x,t) dA = O . (8.3-22)

Finally, the time-domain reciprocity theorem of the time correlation type is applied to the
scattered wave fields in the states A and B and to the domain D . Since the embedding is time
reverse self-adjoint in its acoustic properties, and the scattered wave fields are source-free in
the exterior of the scatterer and satisfy the condition of causality, this leads to

f x Jt(vra );x,t) + Ct(Jt(p ),v~ ;x,t)] dAc__gD~m[Ct(ps;A’[ s;B
s;B s’A

limA+, fx Pm[Ct(pS;A,
s;B s;B s;A

= Jt(vm );x,t) + Ct(Jt(p ),vm ;x,t)]dA,
~(o,4

(8.3-23)

where S(O,A) is the sphere of radius A with its centre at the origin O of the chosen reference
frame. From Equations (8.3-19)--(8.3-23) we conclude that

fx Jt(vm );.r,t) + Ct(Ps;A, i;Bc_~D~m [Ct(pi’,A’
s;B

Jt(vm

i;B s’A s;B i;A
+ Ct(Jt(p ),v~ ;x,t) + Ct(Jt(p ),vm ;x,t)] dA

+ lim/~ f Vm [Ct(pS;~, s;B s;13 s’A
Jt(vm );x,t) + Ct(Jt(p ),v~ ;x,t)] dA = O.

Jx ~(O,A)
(8.3-24)

However, on account of Equations (8.3-1) and (8.3-2), (8.3-4)-(8.3-9), (8.3-10) and (8.3-11),
and (8.3-13)-(8.3-18) we have

f Jt(P ),Vm ;x,t)] dAJt(vm );x,t) + Ct(.txe:3Ds~m[Ct(pS;A~[ i;B
i;B s;A

= [ b(t"- t) dt" fxe)e,~m [ps;A(x,t"+ flsXs/C)V~m+ P l~V~A(X,t"+ flsXs/C)] dAd t" ~

= p-lpB f b(t" - t)It[p s;A;°~(fl, t")] dt"
,~ t" eR (8.3-25)

and

f x Ct(Jt(P ’ )’vra ;x,t) + Ct(p~;A, s;B
e0D~m[

s’B i’,A
" Jt(vm );x,t)] dA
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=f, dt’~x ~m[pS;B(x,t’-t)vmA+pAvS~B(x,t’-t)]a(t’-asXs’¢)dA

= p-lp A f a(,,,)it ~ s;B;=(~,,,, _ 1)] dt".
(8.3-26)

~ t"s~

Fu~he~ore, we have

lim~ ~x Vm[Ct(pS;~ s;~ s;~Jt(v~ );x,t) + Ct(Jt(p ),vm ;x,O] ~
~(o,~)

-
(4~)-2 [dt’~g~dt’~ [pS;A;~,s;B’,~, s.,A;~ ,

- O~m                      (~,t)vm (~,t                    - t) + p s"B;~(~,t’              - t)vm
(~,t)] ~

= (8~2)-1(pc)-1 [ dt’~ pS;A;~(~,t’)pS;B;~(~,t’- t) ~, (8.3-27)

where ~ is the sphere of unit ra~us with its centre at O. ~uations (8.3-24)-(8.3-27) lead to
the desired reciprocity relation for ~e f~-field scattered wave amplitudes:

p-~pB f b(t" - 0It [pS"A;~,t")] at"

~ t"~

+ p-lp A ~ a(t,,)it [pS;B;~(a,t,,- t)] dt"

at"s~

__(8~c)-1 f ., f s;A;~., t" s;~;~., t’- I P t~, )P t~, - 0 ~. (8.3-28)
3t

At t~s point it is eleg~t to express the line~ relationship ~at exists between the f~-field
scattered wave amplitude and the incident wave field, in both s~te A and s~te B. Substitution
of ~uations (8.2-28) and (8.2-29) in ~uation (8.3-28) and rewriting ~e convolutions and the
co,elation, we obtain

pBpAI dt"ft,,~(t’- t) , a(t’)ItSA~,a,t"- t’)dr’

+ p ApB f a(t")dt" f, b(t’)ItsB(a,t"-t- t’)at"

a t"~        ~ t ~

=-(8~2c)-IpApB ~d~ ~ [ £,~(t’)Sa(~,~- t’, dt’

~t,,~:(t")sB(~,r-t-t") dt"] ~, (8.3-29)
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or

t,,~:(t")ItS~,a,t + t’)t,~:(t’) dr"
t°-

:-(8~2C)-IpApBo [t+aa(t’) dt’ [o ’"+ab(t") dt"

as the final expression of the reciprocity relation under consideration.

Complex frequency-domain analysis

In the complex frequency-domain analysis, the incident uniform plane wave in state A is taken
as

{fi i;A,Vr^ i’,A.j. = {pA, vb}~(s) exp(-sasxslc) , (8.3-32)

with

Vk = YP Aar, (8.3-33)

in which Yis given by Equation (8.1-7). In the far-field region, the scattered wave in state A is
represented as

s;n;:. ^ s;A; ......exp(.slx’llc) [1 + O(lx’l-1)]{/~ s;A, OrS;a} (Xt, $) "-- {~ ,Vr J(.g,S)
4z4x’l

as ix’l+oo with x’= Ix’l~’,

where, on account of Equations (8.1-59)-(8.1-64),

j~ s;A;oo = Sp~ ~qS;A;°° + (S/C)~k¢~c ’

and

~;A;~ = (pc)-l~r fi s;A;~,

(8.3-34)

(8.3-35)

(8.3-36)
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with

q~ 3qS"A;°~(~’s) = ~x~D~4 s;A(x,s) exp(s~sXslC) dA

and

~k~fs’A’°°’’ " f ~f~:"A(x,s) exp(s~sXs/C)dA,’ t~,s) =
d x~

in which (note the orientation of Vm)
~ s;A~ s;A = PrVr

and

Sillily, the incident uniform plane wave in state B is taken as
i;B ~ i;B.{~ ,vr i = {PB,V~}~(s) exp(-s~sXs/C) ,

wim

=
In ~e f~-field region, the scattered wave in state B is represented as

as ~x’l~ with x’=

where, on account of ~uations (8.1-59)-(8.1-64),

fi s;B;~ = Sp~ ~qS;B:~ + (S]C)~k~fs;B;~

and

¢~;B;= = (pc)-l~r ~ s;B;=,

wi~

~ OqS;B;~(~,s) = f ~0 s;B (x,s)exp(s~sXs/C)

and

*kOf’;B’=’-- s" (g,)= f ?f:,B (X,s)exp(s,sXs/C)

in which (note the orientation of

and

(8.3-37)

(8.3-38)

(8.3-39)

(8.3-40)

(8.3-41)

(8.3-42)

(8.3-43)

(8.3-44)

(8.3-45)

(8.3-46)

(8.3-47)

(8.3-48)
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~}kS;B = i)k!~ s;B.                                           (8.3-49)

If the scatterer is penetrable, its acoustic fluid properties in state B are assumed to be the
time-reverse adjoint of the ones pertaining to state A. If the scatterer is impenetrable, either of
the two boundary conditions given in Equations (8.1-42) or (8.1-43) applies. These boundary
conditions apply to both state A and state B, and are, therefore, time reverse self-adjoint.

To establish the desired reciprocity relation, we first apply the complex frequency-domain
reciprocity theorem of the time correlation type Equation (7.5-7) to the total wave fields in the
states A and B, and to the domain a9s occupied by the scatterer. For a penetrable scatterer this
yields

f x l~m [ fi A ^ B
^ B ^ A

(X,S)Vm (X,-S) dA                 =+ p (x,-S)Vm (x,s) ] O, (8.3-50)

since in the interior of the scatterer the total wave field is source-free. For an impenetrable
scatterer, Equation (8.3-50) holds in view of the boundary conditions upon approaching ~Ds

via ~Ps’. In Equation (8.3-50) we substitute

{/3 A,~rA} : {/3i;A +/3 s;A,’~;A + "~rs;A} (8.3-51)

and
^ s’B ^ i;B ’{/~B,OrB} = {/3i;B + P , ,Vr + o},B} . (8.3-52)

Next, the complex frequency-domain reciprocity theorem of the time correlation type is applied
to the incident wave fields in the states A and B and to the domain ~9s. Since the incident wave
fields are source-free in the interior of the scatterer and the embedding is time reverse
self-adjoint in its acoustic properties, this leads to

~xc--~I- ^ i;A. .^ i;B. . ^ i;B ~ i;A. x]
~D~m LP tx, s)v.i !.x,-s) + p (x,-s) rn I,X,S)j dA = O .

(8.3-53)

Finally, the complex frequency-domain reciprocity theorem of the time correlation type is
applied to the scattered wave fields in the states A and B and to the domain ~Ds’. Since the
embedding is time reverse self-adjoint in its acoustic properties and the scattered wave fields
are source-free in the exterior of the scatterer and satisfy the condition of causality, this leads
to

It3 s;A. .^ s;B. .    s;B. .^ s;A. ,1
!.X,S)Vra tX,--S) -t- ~ (X,--S)Vm tX, S)J dAl~rn

=                       tx, s)vm tx,-s) (x,-s)vm (x,s)1 dA,
~ ( o,,4)

(8.3-54)

where S(O,A) is the sphere of radius A with its centre at the origin O of the chosen reference
frame. From Equations (8.3-50)-(8.3-54) we conclude that

^i;B. .^ s;A. . s;B ^i;A+ p tx,-s)vm Ix,s) + ~ (x,-s)vm (x,s)] dA



248 Acoustic waves in fluids

fx ~ s;A ’ ^ s;B ^ s.B ^ s;AlimA._>oo vm Ip (x,s)vm (x,-s) += p ’ (x,-$)vm (x,$)j ~. (8.3-55)
~(o,~)

However, on account of ~uafions (8.3-32) and (8.3-33), (8.3-35)~8.3-40), (8.3-41) and
(8.3-42), and (8.3-44)~8.3-49) we have

~ s.A ~ i;B i;B ~ s;A. ~][  m[P ’ +
d x~~

~xPm [fi s’A, ,. B p Bo~;A(x,s)] i(-s) exp(sfl~s/C) ~
=              , (x,s)Vm +

= (sp)-lP B~(-S)~ s;A;~,s) (8.3-56)

and

p’ (x,s)vm’ (X,-s)]~’ (x,~s)v~ (x,s) +
~D~vm [~ s’B. .~ i’A. . ~ i’A    ~ s’B

= fx~Dym[*s;Bp (X,--S)%A + pA~;B(x,_s)]~(S) exp(_Sa~s/C) ~

= (sp)-lP A~(s)p s;B;~(a,-s).                                    (8.3-57)

Fu~he~ore, we have

fx ~ ~ s;A. .~ s;B. . ~ s;B ~ s;A.
limA~ = Vm [P (x,s)vm (x,-s) + p (x,-s)vm (x,~-)j ~

~(o,A)

= (~,S)Vm (g,--S) + p tg,--S)Vm tg,S)J ~

= (8~a)-~(pc)-~    p ’ ’ (~,s)p~;~;s(~,-s) ~, (8.3-58)

where O is the sphere of unit raNus with its centre at O. ~uations (8.3-55)-(8.3-58) lead to
the desired reciprocity relation for the f~-field scattered wave amplitudes:

P Bg(-s)fi s;A;~,S) + P Aa(s)p s;B;~(a,-s)

= --(8~)-~ (S/C) p tg,S) p S;~;B (~,--S) ~ . (8.3-59)

At this point it is, again, elegant to express the linear relationsNp that exists between the f~-field
scattered wave amplitude and the incident wave field, in both s~te A and s~te B. Substitution
of ~uations (8.2-59) and (8.2-60) in Equation (8.3-59) yields

A B~ "    ~Bp Be Ag(_s)a(s)g A~,a,s) + ~ p a(s)b(-s)S (a,B,-s)
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= _(8~r2)-1(s]c) p An B~($)/~(--S) ~.~g2/~ A(~’,Ot,$)/~ B(~,fl,-s) dA. (8.3-~)

Ta~ng into account ~at ~uafion (8.3-60) has to hold for ~bi~ v~ues of ~, pB, ~(s) and
b(-s), we end up wi~

~ A
~

gA~,a,s) + gB(a,fl,_s)=_(s/8~2c) g (~,a,s)SB(~,fl,-s) ~ (8.3-61)

as ~e fin~ expression of ~e complex frequency-domain recipr~ity prope~y under considera-
tion.

In a theoretical analysis the reciprocity relations derived in this section serve as an important
check on the correctness of the analytic solutions as well as on the accuracy of numerical
solutions to scattering problems. Note, however, that the reciprocity relations are necessary
conditions to be satisfied by the scattered wave field (in the far-field region), but their
satisfaction does not guarantee correctness of a total analytic solution or a certain accuracy of
a total numerical solution. In a physical experiment, the redundancy induced by the reciprocity
relations can be exploited to reduce the influence of noise on the quality of the observed data.

Exercises

Exercise 8.3-1

Show that Equation (8.3-61) follows from Equation (8.3-31) by taking the time Laplace
transform.

8.4 An energy theorem about the far-field forward scattered wave
amplitude

A special case arises when in the reciprocity relations of the time correlation type derived in
Section 8.3, states A and B are taken to be identical. Since the superscripts A and B are then
superfluous, they are omitted in the present section.

Time-domain version of the energy theorem

In the time-domain version of the theorem we start from Equation (8.3-19), take state Aidentical
to state B, and consider the result at zero correlation time shift. Furthermore, for the case of an
acoustically penetrable scatterer, the fluid occupying the scattering domain ~Ds is no longer
assumed to be time reverse self-adjoint, i.e. it may have non-zero acoustic losses. Thus, we are
led to consider the expression
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f xc_gD~mCt(P,Jt(vm);x,O) dA = ~xc_~D~mCt(Jt(P),Vm;X,O) dA

where

wa=~t,~ ~P a(t’)dt’

P

- ! I "m [P(X,t’)Vm(X,t’)] dA = -Wa,
J t’~R J x~D’

(8.4-1)

(8.4-2)

is the total acoustic energy absorbed by the scatterer and

P a(t’) = - fx~D~vm [p(x,t’)Vm(X,t’)] dA (8.4-3)

is the instantaneous acoustic power absorbed by the scatterer. (Note that the minus sign in front
of the integral sign on the fight-hand side of Equation (8.4-3) is due to the fact that power
absorption by the scatterer is effected by an inward power flow, while ~m points away from the
scatterer.)

Next, we substitute in the fight-hand side of Equation (8.4-3) the relation
s i    s{P,Vr} = {pi + P ,Vr + Vr} ,                                      (8.4-4)

and observe that the incident wave dissipates no net energy upon traversing the domain Ds
occupied by the scatterer when this domain has the acoustic fluid properties of the (lossless)
embedding. Hence, with

fx i    , i     ,pi(t’) =- I~ra[p (x,t )Vm(X,t )IdA (8.4-5)

as the instantaneous acoustic power that the incident wave carries across ODs towards the
domain Ds, we have

wi= ft’ pi(t’)dt’=O. (8.4-6)

Furthermore, with the uniform incident plane wave
i i

{P ,Vr}(X,t) = {P, Vr}a(t- asXs/C) ,

for which

Vr = YPar,

we have, upon using Equations (8.1-22)-(8.1-27),

fx i , s ,
.

dt" 1~m [p (x,t)Vm(X,l ) + p (x,t’)Vm(X,t’)]s i

a t" ~R    c-c3D~

= p-lp f a(t’)Itps;~(a,t’) dt’.
~̄ t’~

(8.4-7)

(8.4-8)

(8.4-9)
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Finally, the total acoustic energy carried by the scattered wave across 3Ds towards the
embedding is introduced as

wS = f t,~pS(t’)dt’, (8.4-10)

where

pS(t’) = f ,Vm[pS(x,t’)VSm(X,t’)]dA (8.4-11)
d x~-c~D

is the instantaneous acoustic power that the scattered wave carries across ~Ds towards the
embedding.

Combining Equations (8.4-1)-(8.4-6) and (8.4-9)-(8.4-11) we end up with

Wa + Ws =-p-lp I a(t’)ItpS;’(a,t’) dr’. (8.4-12)
J t" ~R

Equation (8.4-12) is the desired time-domain energy relation. It relates the sum of the acoustic
energies absorbed and scattered by the object to the scattered wave amplitude in the far-field
region, for observation of this wave in the direction a of propagation of the incident plane wave,
i.e. in the "forward" direction, or "behind" the scatterer (Figure 8.4-1).

It is noted that for a lossless acoustically penetrable scatterer we have Wa = 0. Also, Wa =
0 for an impenetrable scatterer, since the right-hand side of Equation (8.4-3) then vanishes in
view of the pertaining boundary conditions (Equation (8.1-3) or Equation (8.1-4)). Note also

I
I

I
I
I
I
I

\
\

I

/
/
/

/
/

/
/

I:i~ltlre 8.4-1 Acoustic scattering configuration for the energy theorem about the far-field forward
scattered wave amplitude.
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-that in the derivation of the result we have nowhere used the linearity in the acoustic behaviour
of the scatterer. Therefore, Equation (8.4-12) also holds for non-linear acoustic scatterers,
subject to the condition, of course, that the embedding retains its linear properties.

Complex frequency-domain version of the energy theorem

In the complex frequency-domain version of the theorem we start from Equation (8.3-50) and
take state A identical to state B. Furthermore, for the case of an acoustically penetrable scatterer
the fluid occupying the scattering domain ~)s is no longer assumed to be time reverse
self-adjoint, i.e. it may have non-zero acoustic losses. Thus, we are led to consider the
expression

I f ~rn [/~(X,S)0rn(X,--S) + fi(X,--S)0rn(X,$)] dA = _/3 a(s),
4 .tx~D (8.4-13)

where the symbol on the right-hand side and the factor ¼ on the left-hand side have been chosen
because of the equivalence with the time-averaged acoustic power flow for time-harmonic wave
fields (for which s = jo), with o9~). it must be emphasised, however, that/3 a(s) is not the time
Laplace transform of P a(t) as given by Equation (8.4-3).

In the left-hand side of Equation (8.4-13) we now substitute the relation

{]~,Or} {/~i+ ^s^i=    P ,Vr + ORS}, (8.4-14)

and observe that

1 ~        ^i    ^i         ^i     ^i
-4J xc-ODyrn      [P (x’S)Vm(X’-s) + p (x’-S)Vm(X’s)] dA = 0                                            ,(8.4-15)

since the fluid in the embedding has been assumed to be time-reverse self-adjoint.
Furthermore, with the uniform incident plane wave

^i ,,i
{p, vr } (x,s) = {P, Vr}a(s) exp(-sasxs/c), (8.4-16)

for which

Vr = YPar, (8.4-17)

we have, upon using Equations (8.3-59)-(8.3-64),

_14 Ix¢O~Dsv’m [/3i(x’s)vm(x’-s
)^ s + P^ S (X,_S)Vm(X,s)^ i + ~      i(x,_S)Vm(X,s)^ s+ ~      s (X,S)Vm(X,_S)]^ idA

_ I__ (sp)-lp [~(s)/~ s;°°(a,-s) -- ~(-S)/~ s;~(~,S)]
4                                 ’ (8.4-18)

Finally, we introduce the quantity

1 fx [~s(x’s)OSm(x’-s) + ~S(x’-s)OSm(x’s)]dA
I3s(s) : ~" C_0~D~rn (8.4-19)
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that is, for time-harmonic waves, associated with the acoustic power carried across 3~Ds by the
scattered wave, where it must beemphasised that/3 S(s) is not the time Laplace transform of
P s(t) as given by Equation (8.4-11).

Combining Equations (8.4-13)--(8.4-15), and Equations (8.4-18) and (8.4-19), we end up
with

/3 a(s) +/3 S(s) =--~ (8.4-20)

Equation (8.4-20)^is the desired complex frequency-domain energy relation. It relates the sum
of the quantities P a(s) and/3 S(s) to the scattered wave amplitude in the far-field region for
observation of this wave in the direction of propagation of the incident plane wave, i.e. in the
"forward" direction, or "behind" the scatterer.

Equation (8.4-20) can be rewritten in a more elegant form by using the linear relationship
between the far-field acoustic pressure scattered wave amplitude and the incident wave field.
Using Equations (8.2-59) and (8.2-60), we have

/3 a(s) +/3 S(s) =-~- (sp)-lp2~t(s)~t(-s)[S(o,~,-s) - (8.4-21)

Introducing the complex frequency-dOmain quantity

^i 1S (s) = -~ (pc)-XPZ~t(s)?t(-s) (8.4-22)

that is associated with the acoustic power flow density in the incident plane wave, Equation
(8.4-21) takes the form

1 c ~i(s) [g(a,a,-s)-g(a,a,s)].
/3 a(s) +/3 S(s) = - ~ $ (8.4-23)

Now, from Equations (8.4-13), (8.4-19) and (8.4-22) it is clear that/3 a(s) =/3 a(--S),/3 s(s) =
^i     "i ...... ¯/3 S(-s) and S (s) = S (-s), respectively, which is ~n accordance w~th Equation (8.4-23).

It is noted that for a lo~sless acoustically penetrable scatterer we have/3 a = 0. Also,/3 a = 0
for an impenetrable scatterer, since the left-hand side of Equations (8.4-13) vanishes in view
of the pertaining boundary conditions (Equations (8.1-42) or Equatiori (8.1-43)).

For imaginary values of s, i.e, for s = jog, with touR, Equation (8.4-23) is known as the
extinction cross-section theorem. Note that in the complex frequency-domain result (contrary
to the corresponding time-domain result) the linearity in the acoustic behaviour of the scatterer
has implicitly been used since the space-time wave quantities have been represented, through
the Bromwich integral, as a (linear) superposition of exponential time functions.

References to the earlier literature on the subject can be found in De Hoop (1959, 1985).

Exercises

Exercise 8,4-1

Consider in the complex frequency-domain energy relations (Equations (8.4-20) and (8.4-23))
the case s =jco. Observe that the quantity/3 a(s) as introduced in Equation (8.4-13), the quantity
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!3S(s) as introduced in Equation (8.4-19) and the quantity ~i(s). as introduced in Equation
(8.4-22) satisfy the property/3 a(s) =/3 a(_s)’/3 S(s) =/3 S(_s) and S l(s) = ~ i(-s) in the common
domain of regularity of both the left-hand and the right-hand sides. The latter property certainly
holds for imaginary values of s and hence i3a(jog),/3 s(jog) and ;~i(jo9) are real-valued for
corR. Furthermore, let

~ a(s) =/3 a(s)/S i(s) (8.4-24)

denote the complex frequency-domain absorption cross-section of the scattering object and

~ S(s) =/3 S(s)/Si(s) (8.4-25)

its complex frequency-domain scattering cross-section. Note that ~ a(s) = 6 a(--S) and ~ S(s) =
6 S(-s) in the common domain of regularity of both the left-hand and the right~hand sides. The
latter property certainly holds for imaginary values of s and hence ~ a(jo9) and 6 a(jo9) are
real-valued for s = jog, with og~R. Show that Equation (8.4-20) leads to

~ a(jo9) + ~ s(jog) = c Im [P~(-jog)/3 s;~(a,jo9)]                  (8.4-26)
o9     p 21~(jog)12

and Equation (8.4-23) to

c
~ a(jog) + 6 s(jog) = _ Im [~(a,a,jog)]. (8.4-27)

Equations (8.4-26) and (8.4-27) are known as the extinction cross-section theorem (De Hoop
1959). (Note: Extinction cross-section = Absorption cross-section + Scattering cross-section.)

8.5 The Neumann expansion in the integral equation formulation of the
scattering by a penetrable object

In this section we discuss the Neumann expansion in the integral equation formulation of the
acoustic scattering problem. The expansion is an analytic procedure that applies to apenetrabte
scatterer. The procedure is iterative in nature and is expected to converge for sufficiently low
contrast of the scatterer with respect to its embedding.

Time-domain analysis

In the time-domain presentation of the method we start from Equations (7.9-5) and (7.9-20)-
(7.9-23), which, through combination of the time convolutions, we write for the present
configuration as

p(x;t) =p1(x;t)- [atCt(Gpq, ~(s_

pf s_, tg~(t)~k;r, ,Vr,;X~,X,l)] dV
+ ~tct(a~’ ,~k,r" - for x’~3, (8.5-1)
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and

t i t

fx
[

_ tVr(X,t) = Vr(X,t) - OtCt(Gfq,Zs rb(t),p;x,x,t)

.... vf s , _ p~t)bk; r,,Vr,;X,,X,t)] dV
+ Ot~t!,~r,k’,/tk’, r for x’~R3.    (8.5-2)

For x’~Ds, Equations (8.5-1) and (8.5-2) constitute a system of line~ in.tegral equations of the
second kind to be solved for {P,Vr} for x~Ds and t~R, and with {pl,v~r} as forcing terms. To
solve these equations analytically, an iterative procedure, known as the Neumann expansion,
is set up. The successive steps in this procedure will be labelled by integer superscripts enclosed
in brackets ([...]). The procedure is initialised by putting

p[0] =pi for x,~3, (8.5-3)

v~O]:vir for x’~3. (8.5-4)

Next, the procedure is updated through

P[n+l](x" t) =- f x~9~ [~tCt(G Pq’ zs - ~(t)’p[n];x"x’t)

+a,-,,~,p,f.. s,, ,, [,n] , forx’~3 and 0,1,2, etc.ut"~tk~k ’l~k, r -ru~{tl/ir...t~jvk, r,Vr ;X,X,t)j dV n =

and

v[n+l](x; t) =- f x~~ [OtCt(G Vrq, Xs- Kb(t),p[n];x;x,t)

(8.5-5)

+ atCt(Gr,k,,/Xk,r, - pb(t)Ok:r,,v[n,];X~,x,t)] dV for x’~K3 and n 0,1,2, etc. (8.5-6)

As can be inferred from these updating equations, the terms of order [n+l] can be expected to
be "smaller" than their counterparts of order [n], provided that the contrast quantities are "small
enough". On account of this, it can be conjectured that for sufficiently small contrast of the
scatterer with respect to its embedding the procedure is convergent and we can put

p : ptnl for x’~R3, (8.5-7)
n---0

(8.5-8)

Assuming that the series on the right-hand sides of Equations (8.5-7) and (8.5-8) are uniformly
convergent, it can easily be proved that {p,Vr} as defined by these equations indeed satisfy
Equations (8.5-1) and (8.5-2). To this end we observe that

f x~ ’ (" ’p’f’" s_, , _ pb(t)bk;r,,Vr,;X;x,t) t dV
-- ~D,.[~tCt (G Pq, Zs- ~b(t),p;x,x,t)+ ~tCt ~t.rk ,t~k,r
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= E pin+l](x’,t’) = E P[m](x"t) -P[O](x"t)=p(x’,t)-pi(x,t)
n--O              m=O

for x’aR3,    (8.5-9)

and

__l s , f.-.vf s

= -- atCt ~7q, zs - ~a(t),~ pt"];x;x,
~Ds

n=O

.-, vf, s, , ];aft, X,+ atC, Lrr, k ,flk, r - ~(Oak:r’,~ v[~ dV

n~

= -- E
latet (GTq, x s_ l~t}(t),p[n],~ff,~,,)’+ vf sOtCt(Gr, k,,/.tk,,,’ ,, [,n]. ,- ra(t)t~k,r,Vr ,x,x,t)J dV

n=O    ~D~

E v~n+l](x:t’) =E [m],_,
i"" Vr IX,t) V~0] (X~, t) Vr(X~,t) .- = - vr(x,t)

n---O m=O

for x’~R3, (8.5-10)

where Equations (8.5-3)-(8.5-8) have been used and the interchange of the summations with
respect to n and the integrations with respect to x is justified by the assumed uniform
convergence of the series expansions. Equations (8.5-9) and (8.5-10) are evidently identical to
Equations (8.5-1) and (8.5-2), and, hence, the expansions given in Equations (8.5-7) and (8.5-8)
indeed solve the problem.

Complex frequency-domain analysis

In the complex frequency-domain presentation of the method we start from Equations (7.9-28)
and (7.9-43)-(7.9-46), which are combined to
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for x’~R3, (8.5-11)

and

Vr(X,S) = Vr(X,S) -- d Vrq(x’,X,s) [0 s(x,s) -- Sg ] i3(X,S)
d x~Ds

~k;r,(X,s) -+ Gr,k, (x,x,s) Sl~k; r’ Vr’(X,S) dV for x’~R3. (8.5-12)

For x’¢Ds, Equations (8.5-11) and (8.5-12) constitute a system of linear integral equations of
the second kind to be solved for {i3,~r} for x~Ds, and with {/3 ~ ~ri} as forcing terms. The
Neumann procedure to solve these equations in initialised by putting

/3 [0] =/3 i for x’~R3, (8.5-13)

~r[0] = ~ for x’~R3’ (8.5-14)

Next, the procedure is updated through

/3 [n+l](x~’S) = -- I {~Pq(X~’X’S) [~ s(x’s) --SK ]/3 [n](x,s)
d x~D~

^S~,P_,f(’ "[~k:r,(X,s)- sP~k:r,]~r[,n](x,S)} dV forx’~R3 andn=0,1,2, etc. (8.5-15)+ "-’k (X,X,S)

and

+r[n+l](x:S) = -- [ {~rVq(Xt, X,$)[~ s(x,S)- SK ]/3 [n]<x,S)
d x~Ds

~ In]          x’~R3 and     n 0,1,2, etc.~ vf. (x;x,s)L’-[~’3/(x’s)- s~:/],__ j vr’ (X,S);, dV for :
+ Ur,k

(8.5-16)

Assuming that the procedure is convergent, we can put

/3= X /3 [n] for x’~R3, (8.5-17)

n=0

~r=~ ~[n] forx,~R3. (8.5-18)

n=0

Assuming that the series on the right-hand sides of Equations (8.5-17) and (8.5-18) are
uniformly convergent, it can easily be proved that {i3,~r} as defined by these equations indeed
satisfy Equations (8.5-11) and (8.5-12). To this end we observe that

-- f {~Pq(X~,X,S) [OS(x,s) -- SK ] I3(X,S) + ~!(X~,X,s) [~ktr,(X,s) - sP~k:r’]~r’(X,s)} dV
a x~.Ds
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for x’+K3 (8.5-19)

- I I~rVq(xt’X’s)[~s(x’s)-st¢]~(X’#) +~r,V{’(Xt’X’S)[~S’,r’(X’s)-’Pt~k;r’]~r’(X’#)} dV
d x~Ds~.

+ Gr, k,(X,X,s) ~s                ~]
n~

+ Gr, r(x,x,s) "~     -

- +Jn+l](x’S) Z +Jm](x’s)- +JO](x’s): ~r(x’s) ,i- = - Vr(X,S) for x’++3,    (8.S-~O)
m~

where ~uations (8.5-13)~8.5-18) have been used and the interchange of ~e su~afions with
respect to n and ~e integrations wi~ respect to x is justified by ~e assumed unifo~
convergence of the series exp~sions. ~uations (8.5-19) and (8.5-20) ~e evidently idenfic~
to ~uations (8.5-11) and (8.5-12), and, hence, the expansions given in ~uations (8.5-17) and
(8.5-18) indeed solve the problem.

The construction of convergence criteria for the Neumann expansion is complicated by the
singularities of the Green’s functions. For the simpler case of the scattering problem associated
with the scalar wave equation, a convergence criterion has been derived (De Hoop, 1991).

The nth term in the Neumann expansion is also known as the nth Rayleigh-Gans-Born
approximation.
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8.6 Far-field plane wave scattering in the first-order Rayleigh-Gans-Born
approximation; time-domain analysis and complex frequency-domain
analysis for canonical geometries of the scattering object

In this section the far-field plane wave scattering in the first-order Rayleigh--Gans-Born
approximation is further investigated. In particular, closed-form analytic expressions are
derived for the far-field scattered wave amplitude associated with the plane wave scattering by
a homogeneous object in the shape of an ellipsoid, a rectangular block, an elliptical cylinder of
finite height, an elliptical cone of finite height, or a tetrahedron. A structure consisting of the
union of the listed objects can, in the first-order Rayleigh-Gans-Bom approximation, be dealt
with by superposition.

Time-domain analysis

In the time-domain analysis, the expressions for the scattered wave amplitude in the far-field
region in the first-order Rayleigh-Gans-Bom approximation follow, with the use of Equations
(8.1-1) and (8.1-2), (8.1-5)--(8.1-7), (8.1-16)--(8.1-19), and (8.5-3) and (8.5-4) as (Figure 8.6-1)

pS;*"(~’,t) = -Pc-2 [AZ(~/c - a/c,t) + ~kA~,,r(~/c - a/c,t)ar] , (8.6-1)

and

V~;’~’(~,t) = (pc)-lps;oo(~,t)~r,

where

f df"A;g(u,t) = V [zs(x,t’)h¢- 6(t’)] 02ta(t- t" + usxs) dt’
~t xeD ,t t’=O

(8.6-2)

(8.6-3)

and

s,Aff, r(U,t) = V [lUk, r(X,t )/O - 6k, rC~(t’)] ~)2ta(t- t’ + UsXs) dt’.
~t xeD

(8.6-4)

Note that these scattered wave amplitudes depend in their directional characteristics only on
the difference ~/c - ale between the slowness ~/c in the direction of observation ~" and the
slowness ale in the direction of propagation a of the incident uniform plane wave. This property
only holds in the first-order Rayleigh-Gans-Bom approximation and is not exact.

For a homogeneous object, Equations (8.6-3) and (8.6-4) reduce to

AZ(u’t) = ~t~-O [z s(t’)/~- O(t’)] T (u’t - t’) dt’, (8.6-5)

and

Aff, r(U’t) = ~t~,=O [Itk~r(tt)[P-~k,r~(t’)]r(U’t- t’)dt’’ (8.6-6)
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Figure 8.6-1 Far-field plane wave scattering in the first-order Rayleigh-Gans-Born approximation.

in which

T(u,t) = [ ~2ta(t + UsXs) dV
d x~D~

(8.6-7)

is the time-domain shape factor corresponding to the domain ~Ds occupied by the scatterer. From
Equation (8.6-7) it immediately follows that for ~/c = a/c, i.e. for observation "behind" the
scatterer or "forward scattering", we have

T(O,t) = vS~2ta(t) ,                                    (8.6-8)

where Vs is the volume of the scatterer. Note, again, that Equation (8.6-8) only holds in the
first-order Rayleigh-Gans-Bom approximation, and is not exact.

Below, we derive closed-form analytic expressions for the shape factor T = T(u,t) for a
number of canonical geometries of the scatterer.

Ellipsoid

Let the scattering ellipsoid be defined by (see Equation (A.9-21) and Figure 8.6-2)

~Ds = {X’~.,%3 ;0 ~< (xl/al)2 + (x2/a2)2 + (x3/a3)2 < 1}.

Its volume is

(8.6-9)
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V s = (4ar/3)ala2a3.                                              (8.6-10)

In the integral on the right-hand side of Equation (8.6-7) we introduce the dimensionless
variables

Yl = xl/al, Y2 = x2/a2, Y3 = x3/a3 (8.6-11)

as the variables of integration. In y space, the domain of integration is then the unit ball
{y~.3; 0~<y12 + y22 + y~ < 1 }. The integration over this unit ball is carried out with the aid of
spherical polar coordinates {r,O,q~}, with 0~<r<l, 0~<0~<~r, 0~<~b<2~, about the vector
Ulali(1) + u2a2i(2) + u3a3i(3) as polar axis. Then

ttsXs = UlX1 + tt2X2 + U3X3 = (Ulal)Y1 + (u2a2)Y2 + (u3a3)Y3 = Ur cos(0), (8.6-12)

where

g=[(Ulal)2 + (u2a2)2 + (u3a3)2] ~"2 >~ 0, (8.6-13)

while

dV= ala2a3r2sin(O) dr dO dO. (8.6-14)

The integration then runs as follows:

r(~,t) = ala2a] dr sin(O) dO O~a It + Ur cos(O)] do

= 2~ala:za3 r2 dr O~ta [¢ + Ur cos(O)] sin(O) dO

= 2~ala2a3U-1 [02ta (t + Ur) - Ota(t- Ur)] r dr

incident

....,. ~lane wave

C

!

!

8.6-2 Scatterer in the shape of an ellipsoid.
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= 2~rala2a3 {U-2a(t + U) - U-3 [Ita(t + U) - Ita(t)]

+ U-2a(t- U) + U-3 [Ita(t- U) - Ita(t)]}

=(3vS/2){U-2[a(t+U)+a(t-U)]-U-3[Ita(t+U)-Ita(t-U)]}. (8.6-15)

By using the Taylor expansion of the right-hand side about U = 0 and taking the limit U~.0, it
can be verified that the result is in accordance with Equation (8.6-8).

Rectangular block

Let the scattering domain be the rectangular block defined by (see Equation (A.9-14) and Figure
8.6-3)

~DS ={x~q~3 ; -aa <xl <al, -a2 <x2 <a2, -a3 <x3 <a3 } . (8.6-16)

Its volume is given by

V s = 8a la2a3. (8.6-17)
In the integral on the right-hand side of Equation (8.6-7) we introduce the dimensionless
variables

Yl = xl/al, Y2 = x2/a2, Y3 = x3/a3 (8.6-18)
as the variables of integration. In y space the domain of integration is then the cube
{y~3 ; -1 <Yl < 1, -1 <y2< 1, -1 <y3< 1 } with edge lengths 2. With

U1 = Ulal, U2 = u2a2, U3 = u3a3 , (8.6-19)

furthermore, we have

UsXs = UlX1 + u2x2 + u3X3

= (Ulal)Yl + (u2a2)Y2 + (u3a3)Y3 = UlY1 + U2y2 + U3Y3, (8.6-20)
while

dV= ala2a3 dy1 dy2 dy3. (8.6-21)

The integration then runs as follows:

~’(u,t) = ala2a3      dy3     dy2     ~2ta(t + Uly1 + U2Y2 + U3y3) dyl
= -1      ~=-1      1=-1

ala2a3u~lf~ f~
= dy3 [Ota(t + U1 +U2y2 + U3y3)

3 = -1 ~=-1

- Ota(t - U1 + U2Y2 + U3Y3)] dy2

=ala:za~(U1U:~)-1 [a(t + Ul +U~ + U~y~)-a(t + U1- U:z + U~y3)

-a(t- U1 + U:z + U~y~) + a(t- U1 - U2 + U~y~)]dy~
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8.6-3 Scatterer in the shape of a rectangular block.

=ala2a3(U1U2U3)-1 [Ita(t + U1 +U2 + U3) - Ita(t + U1 + U2- U3)

- Ita(t + U1 - U2 + U3) + Ita(t + U1 - U2- U3) - Ita(t- U1 +U2 + U3)

+ ita(t_ U1 + U2_ U3) + Ita(t_ U1 - U2 + U3) - Ita(t- U1 - U2 - U3)]. (8.6-22)

Special cases occur for either UI-->0, U2-->0, and/or U3-->0. The corresponding limits easily
follow from Equation (8.6-22) by using the pertaining Taylor expansions on the right-hand side.
In particular, it can be verified that for U1-->0 and U2-->0 and U3-->0 the result is in accordance
with Equation (8.6-8).

Elliptical cyfinder of fin#e height

Let the elliptical cylinder of finite height be defined by (Figure 8.6-4)

={X
2222Ds ~K3; O<~xl/al+x2/a2<l’ _h<x3<h . (8.6-23)

Its volume is
Vs = 2:rala2h’ (8.6-24)

In the integral on the right-hand side of Equation (8.6-7) we introduce the dimensionless
variables

Yl = xl/al, Y2 = x2/a2, Y3 = x3/h (8.6-25)

as the variables of integration. Iny space, the domain of integration is then the Cartesian product
of the unit disk A 2 = { (yl,Y2)~IR.2; 0~<y2~ + y~ < 1 } and the interval {y3~9~ ; -1 < Y3 < 1 } along
the axis of the cylinder. Then, with

U1 = Ulal’ U2 = u2a2’ U3 = u3h ,
(8.6-26)
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Fi~IuTe [I.6-4 Scatterer in the shape of an elliptical cylinder of finite height.

we have

UsXs = UlX1 + u2x2 + u3x3

= (Ulal)y1 + (u2a2)Y2 + (u3h)y3 = UlY1 + U2Y2 + U3Y3,

while

dV= ala2h dy1 dy2 dy3.

The integration then runs as follows:

1 2
~F(u’t) = ala2h | dYl dY2 / ~ta(t + UlYl + U2Y2 + U3Y3) dy3

d (yl,y2)~A2 ~t y3=-I

= ala2hU~1 [ IOta(t + U1Yl + U2Y2 + U3)
d (yl,y2)~zl2

- Ota(t + U1Yl + U2Y2 - U3)] dYl dY2"

Next, we observe that

Ota(t + UlY1 + U2y2 + U3)=O2tlta(t + Uly1 + U2y2 + U3)

2 -1 2 ~z)Ita(t +    + U2Y2 +            U22 ~ O.= (U? + U~)(~t+ Uly1 _U3) for U? +

Now, applying Gauss’ divergence theorem to the integration over A 2, we obtain

f(y     (~y21 + O~2)Ita(t + Ul Yl + U2Y2 + U3) dyl dy2
1,yz)~-d2

(yl,y~)~c~(YlOYl + y2Oy~)Ita(t + UlY1 + U2Y2 + U3) d~

(8.6-27)

(8.6-28)

(8.6-29)

(8.6-30)
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= | 2(UlYl + U2Y2)a(t + U~ Yl + U2Y2 +- U3) da, (8.6-31)
d (y~,y2)~c

where do is the elementary arc length along the unit circle �2 that forms the closed boundary
of the unit disk A 2, and where we have used the prope.rty that the unit vector along the normal
to C2 pointing away from A 2 is given by ~, = yli(1) + y2i(2). In the integral on the right-hand
side of Equation (8.6-31) we introduce the polar coordinates {r,q~}, with r = 1 and 0~<¢ <2at,
about the vector Uli(1) + U2i(2) as polar axis, as the variables of integration. This yields

f (y (Ul Yl + U2Y2)a(t + Ul Yl + U2Y2 ++" U3) da
1,Y2)~C2

= U cos(¢)a It + U cos(C) + U3)] de, (8.6-32)

where

(8.6-33)

Collecting the results, we end up with

~’(tt,t) = ala2hU-1U~1 f~Z=O cos(~b) { a It + U cos(~b) + U3]

- a It + U cos(C) - U3]} de. (8.6-34)

Special cases occur for U~0 and/or U3-+0. The corresponding limits easily follow from
Equation (8.6-34) by using the pertaining Taylor expansions on the right-hand side. In particular,
it can be verified that for U~0 and U3-+0 the result is in accordance with Equation (8.6-8).

Elliptical cone of finite height

Let the elliptical cone of finite height be defined by (Figure 8.6-5)

:{
2 2 2.2 2,.2

}ff)s XEg~3; 0 <~xl[a1 +x21a2<x31n , 0<x3<h . (8.6-35)

Its volume is

V s = zrala2h/3 . (8.6-36)

In the integral on the right-hand side of Equation (8.6-7) we introduce the dimensionless
variables

Yl = xl/al, Y2 = x2/a2, Y3 = x3/h (8.6-37)

as the variables of integration. In y space, the domain of integration is then {yE~3; 0~y~2 + y22
< y32, 0 < Y3 < 1 }. Then, with

U1 = Ulal’ U2 = u2a2’ U3 = u3h ,
(8.6-38)
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Figure 8.6-5
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Scatterer in the shape of an elliptical cone of finite height.

we have

UsXs = UlX1 + u2x2 + u3x3

= (Ulal)y1 + (u2a2)y2 + (u3h)y3 = Uly1 + U2y2 + U3Y3, (8.6-39)

while

dV = ala2h dy1 dy2 dy3. (8.6-40)

The integration then runs as follows:

r(u,t) = ala2h dy3 O~ta(t + UI yl + U2Y2 + U3y~) dy~ dy2, (8.6-41)
3=0 J (yl,Y2)EA2(y3)

where A 2(y3) = { (yl,Y2)~2; 0~<y12 + y~ < y~} is the circular disk of radius Y3. With a reasoning
similar to that used in Equations (8.6-30)-(8.6-32), we obtain

~2ta(t + Uly1 + U2y2 + U3Y3) dyl dy2
1,yz)EZI2(Y3)

= U-ly~ cos(¢)Ota[t + Uy~ cos(c) + U~y3]d¢, (8.6-42)

in which

U= (U~ + U~)k2 ~> 0. (8.6-43)

Furthermore,

f ] y3Ota It + U cos(C) + U~y~] dy~Y~
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= [U cos(q9) + V3]-la It + U cos(qg) + U3]

-[U cos(qg) + U3]-2 { Ira [1 + U cos(qg) + U3]- Ira(t) }. (8.6-44)

Collecting the results, we end up with

r(u,t)=ala2hU-1    cos(qg){[Ucos(qg)+U3]-la[t+Ucos(C)+U3]

- [U cos(qg) + U3]-2 { Ira [t + U cos(qg) + U~]- I,a(0}} dqg. (8.6-45)

Special cases occur for U,~0 and/or Uy-~0. The corresponding limits easily follow from
Equation (8.6-45) by using the pertaining Taylor expansions on the right-hand side. In particular,
it can be verified that for UsO and Uy-~0 the result is in accordance with Equation (8.6-8).

Tetrahedron

Let the tetrahedron be defined by (see Equation (A.9-17) and Figure 8.6-6)

DS --

33 ;x = 2(t)x(O,
I=0

3
0<2(/)<1, ~2(/):1 ,

I=0

(8.6-46)

in which {x(O),x(1),x(2),x3(3)} are the position vectors of the vertices and {2(0), 2(1),
2(2),2(3)} are the barycentric coordinates. Its volume is (see Equations (A.10-29) and
(A.10-33))

Vs = det [x(1) - x(O),x(2) - x(1),x(3) - x(2)]/6. (8.6-47)

In the integral on the right-hand side of Equation (8.6-7) we replace 4(0) by 1- 4(1)-
4(2)- 4(3) and introduce {2(1),2(2),2(3)} as the (dimensionless) variables of integration. In
{2(1),2(2),2(3)} .space the domain of integration is then {0<4(1)< 1, 0<4(2)< 1 -2(1),
0 <2(3) < 1 - 4(1) - 4(2)}. Then, with

U(I) = UsXs(I) for I = O, 1, 2, 3, (8.6-48)

we have

UsXs= 2(0) U(O) + 2(1)U(1) + 2(2) U(2) + 2(3)U(3)

= [1 - 4(1) - 4(2) - 2(3)] U(O) + 2(1)U(1) + 2(2)U(2) + 2(3)U(3)

= U(O) + [U(1) - U(O)] 4(1) + [U(2) - U(O)] 4(2) + [U(3) - U(O)] 2(3), (8.6-49)

while, with the Jacobian (see Equation (A. 10-31))

~(XlX2X3) = 6Vs, (8.6-50)
312(1),2(2),2(3)]

the elementary volume is expressed as
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Figure 8.6-6

s

x(O)

x(3)

Scatterer in the shape of a tetrahedron (3-simplex).

dV=6Vs d2(1) d2(2) 0(3). (8.6-51)

After some lengthy, but elementary, calculations it is found that

1         1         1    Ita [t + U(0)]?’(u,t) =6Vs g(o)- U(1) U(O)- U(2) U(O)- U(3)

1      1      1+                              Ira [t + U(1)]
U(1) - U(O) U(1)- U(2) U(1) - U(3)

1       1       1+                             Ira [t + U(2)]
U(2) - U(O) U(2) - U(1) U(2) - U(3)

1 1 1 Ita [t + U(3)]l.+ u(3) - u(0) u(3)- u(1) u(3) - u(2) (8.6-52)

In a symmetrical fashion, this result can be written as

3

T(u,t) = 6Vs      1       1       1

i=o

Ita [t + U(/)], (8.6-53)

where {LJ, K,L} is a permutation of {0,1,2,3}.
Special cases occur for U(/) = U(or) and/or U(/) = U(K) and/or U(/) = U(L). The easiest way

to arrive at the expressions for the relevant cases is to redo the integrations that need
modifications.



Plane wave scattering in a homogeneous, isotropic, Iossless embedding

Complex frequency-domain analysis
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In the complex frequency-domain analysis, the expressions for the scattered wave amplitude
in the far-field region in the first-order Rayleigh-Gans-Born approximation follow, with the
use of Equations (8.1-45)-(8.1-48), and Equations (8.5-13) and (8.5-14) as (Figure 8.6-7)

/3 s;~’(~,s) = -Pc-2 [~ Z(~/c - ctlc,s) + ~k~lff,,r(~/c - a/c,s)~tr] , (8.6-54)

and

~rS;~(~,S) = (pc)-l/3 s;°"(~,S)~r, (8.6-55)

where

ziZ(U,$) = $2~(s) Ix~D,[~’ s(x,s)/~¢ -- 1] exp(susXs) dV, (8.6-56)

and

ziff"r(U’S) = S2~(s) f x [fi~r(X’S)[P - Ok’r] exp(susxs) dV . (8.6-57)
~Ds

Note that these scattered wave amplitudes depend in their directional characteristics only on
the difference ~lc - ale between the slowness ~/c in the direction of observation ~" and the
slowness ale in the direction of propagation a of the incident uniform plane wave. This property
only holds in the Rayleigh-Gans-Born approximation and is not exact.

For a homogeneous object, Equations (8.6-56) and (8.6-57) reduce to

/iX(u,s) = sZgt(s) [£, S(s)/~: - 1] t(u,s) , (8.6-58)

and

(8.6-59)

in which

~’(u,s) = I exp(sUsXs) dV
d x~D~

(8.6-60)

is the complex frequency-domain shape factor corresponding to the domain ~Os occupied by the
scatterer. From Equation (8.6-60) it immediately follows that for ~/c = a/c, i.e. for observation
"behind" the scatterer or "forward scattering", we have

!~’(0,s) = Vs, (8.6-61)

where Vs is the volume of the scatterer. Note, again, that Equation (8.6-61) only holds in the
first-order Rayleigh-Gans-Born approximation, and is not exact.

Below, we shall derive for a number of canonical geometries of the scatterer, closed-form
analytic expressions for the shape factor ~"(u,s).
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Figure 8.6-7 Far-field plane wave scattering in the first-order Rayleigh-Gans-Bom approximation.

Ellipsoid

Let the scattering ellipsoid be defined by (see Equation (A.9-21) and Figure 8.6-8

~DS = {x~R3 ; O<~(xl/al)2 + (x2/a2)2 + (x3/a3)2 < 1}. (8.6-62)

Its volume is

Vs = (4~r/3)ala2a3. (8.6-63)

In the integral on the right-hand side of Equation (8.6-60) we introduce the dimensionless
variables

Yl = Xllal, Y2 = x2/a2, Y3 = x3/a3 (8.6-64)

as the variables of integration. In y space, the domain of integration is then the unit ball
{y~R3; 0<,y~ + y~ + y32 < 1 }. The integration over this unit ball is carded out with the aid of
spherical polar coordinates {r,O,q)}, with 0~<r<l, 0<~0<~r, 0,<q~<2a-r, about the vector
Ulali(1) + u2a2i(2) + u3a3i(3) as the polar axis. Then

UsXs = UlX1 + U2X2 + U3X3 = (Ulal)Y1 + (u2a2)Y2 + (u3a3)Y3 = Ur cos(0), (8.6-65)

where

U=[(Ulal)2 + (u2a2)2 + (u3a3)2] 1/2~> 0, (8.6-66)



Plane wave scattering in a homogeneous, isotropic, Iossless embedding         271

!
!

Figure 8.6-8 Scatterer in the shape of an ellipsoid.

while
2.dV = ala2a3r sin(0) dr dO d~b. (8.6-67)

The integration then runs as follows:

~"(u,s) = ala:za3 r~ dr sin(0) dO exp [sgr cos(0)] de

= 2~ala2a3 ~ dr exp [sUr cos(0)] sin(0) d0

= ~ala~a~(s~-1 [exp(sUr) - exp(-sUr)] r dr

= ~ala~a~(s~-~ exp(s~ + exp(-s~ - [exp(sU0 + exp(-sUr)] d

= 2~alaaa3(s~-~ {exp(s~ + exp(-s~- (s~-1 [exp(s~ - exp(-s~]}

= 3Vs sU cosh(s~ - sinh(s~. (8.6-68)

By using ~e Taylor expansion of ~e right-hand side about U = 0 and ~ng ~e li~t UsO, it
c~ be verified ~at ~e result is in accordance wi~ ~uation (8.6-61).
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Rectangular block

Let the scattering domain be the rectangular block defined by (see Equation (A.9-14) and Figure
8.6-9)

~DS = {x~3 ; -al <xl <a1, -a2 <xz <a2, -a3 <x3 <a3 } . (8.6-69)

Its volume is given by

Vs = 8ala2a3. (8.6-70)

In the integral on the right-hand side of Equations (8.6-60) we introduce the dimensionless
variables

Yl = xl/al, y2 = x2/a2, Y3 = x3/a3 (8.6-71)

as the variables of integration. In y space the domain of integration is then the cube
{y~R3 ; -1 <Yl < 1, -1 <y2< 1, -1 <Y3 < 1 } with edge lengths 2. With

U1 = ula1, U2 = u2a2, U3 = u3a3, (8.6-72)

furthermore, we have

UsXs = UlX1 + u2x2 + U3X3

= (Ulal)Y1 + (u2a2)Y2 + (u3a3)Y3 = Uly1 + U2y2 + U3Y3, (8.6-73)

while

dV = ala2a3 dy1 dy2 dy3. (8.6-74)

The integration then runs as follows:

r(~,s) =ala2a3 dy3      dy:z exp [S(Ul y1 + U2Y2 + U~Y3)] dyl
3 = -1 2=-1 1=-1

=ala2a~      exp(sU~ y~) dy~      exp(sU2y2) dy2      exp(sUl Yl) dyl
s = -1                 ~=-1                  1 = -1

exp(sU3) - exp(-sU3) exp(sU2) - exp(-sU2) exp(sU1) - exp(-sU1)
= ala2a3

sU3 sU2 sU1

=Vs sinh(sU3) sinh(sU2) sinh(sUl).                          (8.6-75)
sU3      sU2      sU1

Special cases occur for either U1---)0, U2--)0, and/or U3---)0. The corresponding limits easily
follow from Equation (8.6-75) by using the pertaining Taylor expansions on the right-hand side.
In particular, it can be verified that for U1--~0 and U2~0 and U3---~0 the result is in accordance
with Equation (8.6-61).
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Figure 8.6-9 Scatterer in the shape of a rectangular block.

Elliptical cylinder of finite height

Let the elliptical cylinder of finite height be defined by (Figure 8.6-10)

={X
2222

}~Ds ~.3 ; 0 <~xl/a1 + x2/a2< 1, -h<x3Kh . (8.6-76)

Its volume is

Vs = 2~rala2h" (8.6-77)

In the integral on the right-hand side of Equation (8.6-60) we introduce the dimensionless
variables

Yl = xl/al, Y2 = x2/a2, Y3 = x3/h (8.6-78)

as the variables of integration. Iny space, the domain of integration is then the Cartesian product
of the unit disk A 2 = { (yl,Y2)~9~2; 0~<y~2 + y~ < 1 } and the interval {y3~9~; -1 <Y3 < 1 } along
the axis of the cylinder. Then, with

U1 = Ulal’ U2 = u2a2’ U3 -- u3h ,
(8.6-79)

we have

UsXs = UlX1 + U2X2 + U3X3

= (Ulal)Yl + (u2a2)Y2 + (u3h)y3 = U1Yl + U2Y2 + U3Y3,

while

dV = ala2h dy1 dy2 dy3.

The integration then runs as follows:

~"(~,s) =ala2h        dy1 dy2     exp [s(gly1 + U2Y2 + U~y~)] dy~
(yl,Y2)~A2          3=-1

(8.6-80)

(8.6-81)
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Figure 8.6-10
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Scatterer in the shape of an elliptical cylinder of finite height.

= ala2h I (sU3)-1 {exp [s(U1Yl + U2Y2 + U3)]
*/(Yl,Y2)~A~

-exp [S(Wly1 ÷ U2Y2- U3)]} dyl dy2.

Next, we observe that
$2 + Oy22 ) exp [S(Uly1 + U2y2 + U3)]exp [s(U1Yl 

+ U2Y2 + U3)] = (s2U? + u2 ) (OyI                  -

for U12 + U22 #O.

Now, applying Gauss’ divergence theorem to the integration over A 2, we obtain

(~2Y~+ ~,22)exp[s(UlYl + U2Y2 +-U3)] dyl dy2
1,yz)~A2

(8.6-82)

(8.6-83)

= f(yl,y2)~C2 (YlOy1 + Y2Oy2) exp[s(Uly1 + U2y2 + U3)] do

= f(yl,y2)~�2 S(UlY1 + U2Y2) exp[s(UlY1 + U2Y2 + U3)] do, (8.6-84)

where do is the elementary arc length along the unit circle C2 that forms the boundary of the
unit disk A 2 and where we have used the property that the unit vector along the normal to C2
pointing away from A 2 is given by v = yli(1) + y2i(2). In the integral on the right-hand side of
Equation (8.6-84) we introduce the polar coordinates {r,¢}, with r = 1 and 0~<¢ <2rr, about
the vector Uli(1) + U2i(2) as polar axis, as the variables of integration. This yields

f(yl,y2)~C2(UlYl + U2Y2) exp[s(UlYl + U2Y2 +- U3)] do
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= U cos(0) exp[sU cos(0) + sU3] dO = 2~U exp(.+.sU3)II(sU), (8.6-85)

where I1 is the modified Bessel function of the first kind and of order 1 (Abramowitz and Stegun,
1964) and

U = (U~2 + U22)~/2 >~ 0 . (8.6-86)

Collecting the results, we end up with

~"(u,s) = 2~rala2hs-2U-1 uf llI(sU) [exp(sU3) - exp(-sU3)]

= 2V Ss-2U -1U~IlI(sU) sinh(sU3). (8.6-87)

Special cases occur for U+0 and/or U3--)0. The corresponding limits easily follow from
Equation (8.6- 87) by using the pertaining Taylor expansions on the right-hand side. In particular,
it can be verified that for U+0 and U3---~0 the result is in accordance with Equation (8.6-61).

Elliptical cone of finite height

Let the elliptical cone of finite height be defined by (Figure 8.6-11)

¢3 2 2 2 2<x~]h2’ 0<x3 h}.
(8.6-88)ff?S=tx~.... ; O <~Xl/a1 + x2/a2 <

Its volume is

Vs = ~rala2h/3. (8.6-89)

In the integral on the right-hand side of Equation (8.6-60) we introduce the dimensionless
variables

Yl = xl/al, Y2 = x2/a2, Y3 = x3/h (8.6-90)

as the variables of integration. In y space, the domain of integration is then {y~R3;
0~<yl~ + y2~ <y~, 0<y3< 1}. Then, with

U1 = Ulal, U2 -- u2a2, U3 -- u3h, (8.6-91)

we have

UsXs = UlX1 + U2X2 + U3X3

= (Ulal)Yl + (u2a2)Y2 + (u3h)y3 = U1Yl + U2Y2 + U3Y3, (8.6-92)

while

dV = ala2h dy1 dy2 dy3. (8.6-93)

The integration then runs as follows:

1
~(u,s) =ala2h ~ dY3 / exp [S(Uly1 + U2y2 + U3Y3)] dy1 dy2, (8.6-94)

t~

t̄y3=O d(yl,y2)~A2(y3)

.< 2 2 2where A 2((y3) = { (yl,Y2)~9~2; 0-~y1 +Y2 <Y3} is the circular disk of radius Y3. With a reasoning
similar to the one as used in Equations (8.6’83)-(8.6-85), we obtain
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Figure 8.6-11 Scatterer in the shape of an elliptical cone of finite height.

f (y exp[s(UlYl + U2Y2 + U3Y3)] dYl dY2
1,Y2)~A~(y3)

= (sU)-ly3 cos(C) exp[s(Uy3cos(¢) + U~y~)] de, (8.6-95)

in which

U: (U12 + U22) kz >~ 0. (8.6-96)

Furthermore,

f~Y3 U3Y3)] dY3exp[s( U y3 cos(dp)+
3=0

= [s(U cos(C) + U~)] -1 exp[s(U cos(C) + U~)] - exp[s(gy3 cos(C) + U~y~)] dy~

= [s(g cos(C) + U~)] -lexp[s(gcos(¢) + U3)]

- [s(U cos(O) + U3)] -2 {exp[s(UY3cos(O) + U3)] _ 1}. (8.6-97)

Collecting the results, we end up with

~"(u,s) = 6VS(sU)-1 cos(0)

1 Iexp [s(U cos(C) + U3)] exp [s(U cos(0) + U3)] -
s2(U COS(0) + U3)2    dq~.(8.6-98)
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Special cases occur for U~0 and/or U3---~0. The corresponding limits easily follow from
Equation (8.6-98) by using the pertaining Taylor expansions on the right-hand side. In particular,
it can be verified that for Us0 and U3---~0 the result is in accordance with Equation (8.6-61).

Tetrahedron

Let the tetrahedron be defined by (see Equation (A.9-17) and Figure 8.6-12)

~DS= x~3; x=,’~.,2(/)x(/), 0<2(/)<1, ~’~2(/)=1 ,
t=6              x---0

(8.6-99)

in which {x(0),x(1),X(2),x(3)) are the position vectors of the vertices and {2(0), 2(1),
2(2),2(3) } are the barycentric coordinates. Its volume is given by (see Equations (A. 10-29) and
(A.10-33))

Vs = det[x(1) - x(0),x(2) - x(1);x(3) - x(2)]/6. (8.6-100)

In the integral on the right-hand side of Equation (8.6-60) we replace 2(0) by 1- 2(1)-
2(2)- 2(3) and introduce {2(1),2(2),2(3)} as the (dimensionless) variables of integration. In
{2(1),2(2),2(3) } space the domain of integration is then { 0 < 2(1) < 1, 0 < 2(2) < 1 - 2(1),
0 <2(3) < 1 - 2(1) - 4(2)}. Then, with

U(!) = usxs(i) for I = 0, 1, 2, 3, (8.6-101)

we have

usxs= 2(0)U(0) + 2(i)U(1) + 2(2) U(2) + 2(3)U(3)

= [1 - 4(1) - 2(2) - 2(3)] U(0) + 2(1)u(i) + 2(2)U(2) + g(3)U(3)

= u(o) + [u(1) -u(0)] 4(1)+ [u(2) u(o)] 2(2) + [u(3) - u(o)]
while, with the Jacobian (see Equation (A. 10-31))

O(XlX2X3) = 6V s,      ~.
0 [2(1),2(2),2(3)]

the elementary volume is expressed as

dV=6Vs d2(1) d2(2) d2(3).

After some lengthy, but elementary, calculations it is found that

1       1       1 exp[~U(0)]~"(u,s) 6VSs-3 O)- j(1) b(O) U(2) ~(0)- U(3)

1       1+ ~ exp[sU(1)]
. U(1) - U(O) U(1) - U(2) U(1) - U(3)

1 ~:            1                1¯ + .~                               exp[sU(2)]
.U(2)- U(O) U(2) - U(1) u(2)- U(3)

1          1          1              L+ exp[sU(3)] .
U(3)- U(O) U(3)- U(1) U(3) - U(2) .

(8.6-102)

(8.6-103)

(8.6-104)

(8.6-105)
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Figure 8.6-12
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In a symmetrical fashion, this result can be written as

3

~(u,s) = 6VSs-3 Z    1_ 1 1

u(o u(~ u(i) - U(K) U(~) - U(L)
I=0

exp[sU(/)], (8.6-106)

where {LJ, K,L} is a permutation of {0,1,2,3}.
Special cases occur for U(/) = U(J) and/or U(/) = U(K) and/or U(/) = U(L). The easiest way

to arrive at the expressions for the relevant cases is to redo the integrations that need
modification.

(Note: Since the first-order Rayleigh-Gans-Bom approximation is additive in the domains
occupied by the scatterers, the scattering by an arbitrary union of canonical scatterers follows
by superposition. In particular, the result for the tetrahedron is the building block for scatterers
in the shape of an arbitrary polyhedron.)

The first-order Rayleigh-Gans-Born scattering finds numerous applications both in the
forward (direct) and the inverse scattering theory. References to the earlier literature can be
found in Quak et aI. (1986).

Exercises

Exercise 8.6-1

Show that Equation (8.6-60) follows from the time Laplace transform of Equation (8.6-7).
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Exercise 8.6-2

Show that Equation (8.6-61) follows from the time Laplace transform of Equation (8.6-8).

Exercise 8.6-3

Show that Equation (8.6-68) follows from the time Laplace transform of Equation (8.6-15).

Exercise 8.6-4

Show that Equation (8.6-75) follows from the time Laplace transform of Equation (8.6-22).

Exercise 8.6-5

Show that Equation (8.6-87) follows from the time Laplace transform of Equation (8.6-34).

Exercise 8.6-6

Show that Equation (8.6-98) follows from the time Laplace transform of Equation (8.6-45).

Exercise 8.6-7

Show that Equation (8.6-106) follows from the time Laplace transform of Equation (8.6-53).

Exercise 8.6-8

Show that for U~0, Equation (8.6-15) becomes Equation (8.6-8). (In this case, u = 0.)

Exercise 8.6-9

Show that for U3---)0, Equation (8.6-22) becomes

~’(u,t) = 2alaza3(UIU2)-1 [a(t + U1 +U2) -a(t + U1 - U2)

- a(t- U1 +U2) + a(t- U1 -U2)] ¯

(In this case, u is parallel to the Xl,X2 plane.)

(8.6-107)

Exercise 8, 6-10

Show that for U2--)0 and U3---)0, Equation (8.6-22) becomes

~’(u,t) = 4alaza3U{1 [~ta(t + U1) - ~ta(t- UI)].

(In this case, u is parallel to the Xl axis.)

(8.6-108)
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Exercise 8,6-11

Show that for UI---~0, U2--)0 and U3-~0, Equation (8.6-22) becomes Equation (8.6-8). (In this
case, u = 0.)

Exercise 8.6-12

Show that for U~0, Equation (8.6-34) becomes

~’(u,t) = ~ala2hU~1 [~ta(t + U3) -~ta(t- U3)].

(In this case, u is parallel to the axis of the cylinder.)

(8,6-109)

Exercise 8,6-13

Show that for U3---~0, Equation (8.6-34) becomes

r(u,t) = 2alazhg-1
cos(O)Ota It + U cos(0)] do,

(In this case u is perpendicular to the axis of the cylinder.)

Exercise 8,6-14

Show that for U~0 and U3--,0, Equation (8.6-34) becomes Equation
u=0.)

(8.6-110)

18.6-8). (In this case,

Exercise 8,6-15

Show that for USO, Equa, tion (8.6-45) becomes

l"(u,t) = rcala2h {U3-1 [Ota(t + U3) - 2Uf2a(t + U3)]

+ 2U3-3 [Ita(t + U3)- Ira(t)]}.

(In this case, u is parallel to the axis of the cone.)

(8.6-111)

Exercise 8.6-16

Show that for U3---~0, Equation (8.6-45) becomes

r(u,t) = ala2hg-1 {[U cos(0) ] -1 a(t + U cos(0)) "

- [U cos(0)] -2[Ita(t + U cos(0)) - Ira(t)]} cos(0)

(In this case, u is perpendicular to the axis of the cone.)

(8.6-112)
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Exercise 8.6-17

Show that for U~0 and U3--+0, Equation (8.6-45) becomes Equation (8.6-8). (In this case,
u=0.)

Exercise 8,6-18

Show that for U(J)--+U(/), Equation (8.6-53) becomes

U(I)- U(K) U(1)- U(L)

_{

1 1+1

1}ita[t+U(1)][U(/) - U(K)] 2 U(/) - U(L) U(1) - U(K) [U(/) - U(L)] 2

{
1 1

}+ Ita[t + U(h0]
[U(K) - U(/)] 2 U(K) - U(L)

+                        Ita[t + U(L)] ,
[U(L) - U(/)] 2 U(L) - U(K)

(8.6-113)

where {LJ, K,L} is a permutation of {0,1,2,3}. (In this case, u is perpendicular to the edge
connecting the vertex x(/) with the vertex x(J).)

Exercise 8.6-19

Show that for U(J)--+U(I) and U(L)-->U(K), Equation (8.6-53) becomes

r(u,t)=6vSI[U(/) - U(K)]21     {a[t+U(l)]+a[t+U(K)]}

_ 2
{Ira [t + U(/)] - Ira [t + U(K)] }/

[u(/) - u(t0]3 )                    ’
(8.6-114)

where {LJ, K,L} is a permutation of {0,1,2,3]. (In this case, u is perpendicular to the edge
connecting the vertex x(/) with the vertex x(J), as well as perpendicular to the edge connecting
the vertex x(K) with the vertex x(L).)

Exercise 8.6-20

Show that for U(J)-->U(I) and U(K)-+U(I), Equation (8.6-53) becomes
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F(u,t) = 6Vs ( 1
~ta It + U(/)] -

1

U(I) - U(L) [U(/) - U(L)] 2

1
{Ita [t + U(/)] - Ita [t + U(L)]~+

[u(/) U(L)]                   ’

a It + u(o]

(8.6-115)

where {LJ, K,L} is a permutation of {0,1,2,3}. (In this case, u is perpendicular to the plane
containing the triangle of which x(/), x(J) and x(K) are the vertices.)

Exercise 8.6-21

Show that for u = 0, Equation (8.6-53) becomes Equation (8.6-8).

Exercise 8.6-22

Show that for U,0, Equation (8.6-68) becomes Equation (8.6-61).

Exercise 8.6-23

Show that for U3~0, Equation (8.6-75) becomes

f"(u,s) = Vs sinh(sU2) sinh(sU1)                              (8.6-116)
sU2     sU1

and show that the result follows from the time Laplace transform of Equation (8.6-107). (In this
case, u is parallel to the Xl,X2 plane.)

Exercise 8.6-24

Show that for U2--o0 and U3---~0, Equation (8.6-75) becomes

~’(u,s) = Vs sinh(sU1) (8.6-117)
sU1

and show that the result follows from the time Laplace transform of Equation (8.6-108). (In this
case, u is parallel to the x1 axis.)

Exercise 8.6-25

Show that for UI--~O, U2.-oO and U3--o0, Equation (8.6-75) becomes Equation (8.6-61). (In this
case, u = 0.)

Exercise 8.6-26

Show that for U*0, Equation (8.6-87) becomes
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~"(u,s) = 2,zrala2hs-1 uf lsinh(sU3)                                  (8.6-118)

and show that the result follows from the time Laplace transform of Equation (8.6-109), (In this
case, u is parallel to the axis of the cylinder.)

Exercise 8.6-27

Show that for U3--,0, Equation (8.6-87) becomes

~"(u,s) = 4z~ala2hs-1U-1I1 (s U) (8.6-119)

and show that the result follows from the time Laplace transform of Equation (8.6-110). (In this
case, u is perpendicular to the axis of the cylinder.)

Exercise 8.6-28

Show that for U,~0 and U3---~0, Equation (8.6-87) becomes Equation (8.6-61). (In this case,
u=0.)

Exercise 8.6-29

Show that for U+0, Equation (8.6-98) becomes

f"(tt,s) = ~ala2hs-2 {[su~l - 2u~2 + 2s-l U~3] exp(sU3) - 2s-l U~3}    (8.6-120)

and show that the result follows from the time Laplace transform of Equation (8.6-111). (In this
case, u is parallel to the axis of the cone,)

Exercise 8,6-30

Show that for U3-~O, Equation (8.6-98) becomes

~"(u,s) = ala2hs-2g-1 {[U cos(C)] -lexp [sg cos(C)]

-1 -2-s [Ucos(¢)] [exp(sUcos(¢))- 1]}cos(¢)d~b (8.6-121)

and show that this result is the time Laplace transform of Equation (8.6-112). (In this case, u is
perpendicular to the axis of the cone.)

Exercise 8.6-31

Show that for U+0 and U3~0, Equation (8.6-98) becomes Equation (8.6-61). (In this case,
u=0.)
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Exercise 8,6-32

Show that for U(J)---~U(/), Equation (8.6-105) becomes

~(u,s) = 6VSs-2 I~ 1      1
u(o- U(K) V(O- U(L) exp [sU(/)]}

1         1    +    1
[u(~) - u(hg] 2 u(/) - U(L) U(/) - U(X9

1

.} s-1[U(/) - U(L)] 2

1 1 -1+ s exp [sU(K)]
[U(K) - U(L)] 2 U(K) - U(L)

+                         s exp[sU(L)] ,
[U(L) - U(t)] 2 U(L) - U(K)

exp [sU(/)]

(8.6-122)

where {LJ, K,L} is a permutation of {0,1,2,3} and show that this result follows from the time
Laplace transform of Equation (8.6-113). (In this case, u is perpendicular to the edge connecting
the vertex x(/) with the vertex x(J).)

Exercise 8, 6-33

Show that for U(J)--~U(l) and U(L)--~U(K), Equation (8.6-105) becomes

~,,(u,s)=6VSs-2( 1
{exp [sU(/)] +exp [sU(K)]}

[U(/) - U(K)]2

2s-1
{exp [sU(/)]-exp [sU(L)]}| (8.6-123)

where {LJ, K,L} is a permutation of { 0,1,2,3 } and show that this result follows from the time
Laplace transform of Equation (8.6-114). (In this case, u is perpendicular to the edge connecting
the vertex x(/) with the vertex x(J) as well as perpendicular to the edge connecting the vertex
x(K) with the vertex x(L).)

Exercise 8,6-34

Show that for U(J)---~U(1) and U(K)--~U(I), Equation (8.6-105) becomes

~"(u,s) = 6V Ss-2 [ _S

u(/) U(K)
1

exp [sU(/)] - 2 exp [sU(/)]
[u(t)- U(K)]

_s {exp [sU(/)]-exp [sU(L)]
[u(/) u(hg] 3 ’ (8.6-124)
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where {I,J,K,L} is a permutation of {0,1,2,3} and show that this result follows from the time
Laplace transform of Equation (8,6-115). (In this case, u is perpendicular to the plane containing
the triangle of which x(/), x(J) and X(K) are the vertices.)

Exercise 8.6-35

Show that for u = 0, Equati6n (8.6-i05) becomes Equation (8.6-61).
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