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Plane e as ic waves
homogeneous solids

In this chapter the notion of plane elastic wave, which has tumed up in the local description of
the elastic wave field in the far-field region of the elastodynamic radiation by extended sources,
is generalised to cases where the wave amplitudes are arbitrary functions of the angular wave
vector, not specifically those of the type that occurs in the far-field approximation. The concepts
of dispersion equation and wave slowness are introduced for homogeneous, arbitrarily
anisotropic solids, with the homogeneous, isotropic solid as a special case. For the real
frequency domain the attenuation and the phase propagation of plane waves are discussed.

|4.1 Plane waves in the complex frequency domain
In the complex frequency domain plane waves are solutions of the complex frequency-domain
source-free elastic wave equations (cf. Equations (12.4-1) and (12.4-2))
+

^

-t~k,m,p,qOrn~p,q + ~l~,rOr = O,
.~-

^

^

Ai,j,n,r~nVr - t]i,j,p,q~p,q "" 0,

(14.1-1)
(14.1-2)

of the form
^

{~r,~p,q} = {Vr,Zp,q} exp(-~sXs),

(14.1-3)

^

in which the amplitudes {Vr,Tp,q} and the propagation vector ~s are independent ofx. The factor
exp(-~sXs) is called the propagation factor. Substitution of Equation (14.1-3) in Equations
(14.1-1) and (14.1-2) leads, in view of the relation
~m [exp(-~sXs)] = -~m exp(-~sXs) ,
(14.1-4)
to

Ak,rn,p,q~mTp,q + ~k, rVr "- 0,

(14.1-5)

-Ai,j,n,rYnVr - Oi, j,p,qTp,q = O.

(14.1-6)

Equ,, ations^(l 4.1-5) and (14.1-6) constitute a homogeneous system of linear a,,lgebraic equations
in Vr and Tp,q, which for arbitrary values of );s has only the trivial solution Vr = 0 and Tp,q = O.

414

Elastic waves in solids

For a non-trivial solution to exist, ~;s must be chosen appropriately. The condition to be put on
~s in this respect could be found by setting equal to zero the determinant of the system of linear
algebraic equations (Equatio~ns (14.1-5) and (14.1-6)), but a less complicated way to find the
relevant relation is to solve Tp,q from Equation (14.1-5) and substitute the result in Equation
(14.1-6). This yields
^
^-1 _+ ^ ~
Tp,q = -t]p,q,i,jl.xi, j,n,r~n Vr

(14.1-7)

and
(~mr]k, rn,n,r~n - ~k,r)Qr = 0,

(14.1-8)

,,-1 --+
,, -1
respectively,,,where the property/..Xk,--+m,p,qr]p,q,i,
jl..Xi, j,n,r = r]k,m,n,r has been used. For a non-zero
solution of Vr to the system of Equations (14.1-8) to exist, ~s must satisfy the determinantal
equation
det O/m~]k,m,n,r~’n - ~k,r) = O .

(14.1-9)

Equation (14.1-9) is known as the complex frequency-domain plane wave dispersion equation
for the propagation vector. Once a value for ~s satisfying Equation (14.1-9) has been chosen,
one is free to choose one relation between the three components ofl~"r (normalisation condition),
while the corresponding value of Tp,q subsequently follows from Equation (14.1-7). For
arbitrary values of ~s, satisfying Equation (14.1-9), the resulting expressions of the type of
Equation (14.1-3) are known as non-uniform plane waves.
Equation (14.1-9) shows that only the symmetric part in the first and second pair of subscripts
of Off,,lm,n,r contributes to the admissible values of ~s and hence to the propagation properties of
the plane wave. Equation (14.1-9) further shows that with any value of~3s satisfying the equation,
also -~s is a solution. This property reduces the solution space in which admissible values of
~s are to be sought.

Uniform plane waves
Uniform plane waves are a subset of the general class of non-uniform plane waves. For a
uniform plane wave the propagation vector is of the special shape
?)s =~s,

(14.1-10)

where ~s is a real unit vector that specifies the direction of propagation of the wave. (Since ~s
is a unit vector, we have ~s~s = 1.) Now, ~ is the (scalar) propagation coefficient of the uniform
plane wave. Substitution of Equation (14.1-10) in Equation (14.1-9) yields
det (~mr]k,m,n,r~n~ -- ~k,r) = 0

(14.1-11)

as the dispersion equation for uniform plane waves. Causality of the wave motion entails the
condition that exp(-#~oxo) should remain bounded as Ixl~oo in the half-snace where ~: x > 0
This yields the condition Re(S) > 0 for Re(s) > 0. Equation (14.1-11) is a cubic equation in ~.
Hence, for each given direction of propagation, three plane waves exist (together with the three
waves propagating in the reverse direction). Equation (14.1-11) further clearly shows that the
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value of the propagation coefficients changes with the direction of propagation of the uniform
plane wave, a property that is indicative of the presence ofanisotropy.

Isotropic solids
For an isotropic solid we have
~k,r = Sfi($)~k,r

(14.1-12)

and
Oi,j,p,q = S [2 A(s)di,jf}p,q + ~M(s)(di,pr}j,q +

(14.1-13)

The inverse of Equation (14.1-13) we write as
=S
^-1 -1 [~ 2(S)dp,qdi,
j + ~ p(S)(dp,tdq,j
~p,q,i,j
,
+ dp, jdq,i)]

(14.1-14)

where 5~ 2 = 5~ 2(s) and)~/~ = 5~ ~(s) are the Lam4 coefficient relaxation functions. Hence, Equation
(14.1-7) reduces to
(14.1-15)
Tp,q:--S
-1 [Z (TiVi)dp,q+~Z "(TpVq
~ ~ + ~qQp)] "
Substitution of ~uations (14.1-15) and (14.1-12) in ~uafion (14.1-5) yields
(14.1-16)
+
+ "~z ~ ~ ~ s2fiQ~=0.
Upon contracting ~uation (14.1-16) wi~ ~k it follows ~at

The first possibility to satisfy Equation (14.1-17) is

2

YiYi = s

(1 .1-18)

eombined with 9k~k ~ 0. Sub s~tution of Equation (14.1-18) in Equation ( 14.1-16) then yields
(9i9i)9k = 9k(9i9i)"

(14.1-19)

Since for tNs case Pk is "oriented" along 9k, this wave is obviously a (non-unifo~) plane
P-wave.
~e second possibility to satisfy ~uation (14.1-17) is
9kOk =O,

(14.1-20)

combined with 9i~i * S2 ~/(~ 2 + 2~ ~)]. Substitution of Equation (14.1-20) in Equation (14.116) leads to
-, 2 ~

YiYi= s ~.

(14.1-21)

Since for ~is case 9kQk = 0, ~is wave is obviously a (non-unifo~) plane S-wave. (Note ~at
if ~uation (14.1-21) holds, we ceaNnly have ~i~i ~ s2~/(~2 + 2~#)] ’)
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Exercises
Exercise 14, 1- I

Construct the one-dimensional P-wave solutions of the source-free complex frequency-domain
elastic wave-field equations in a homogeneous, isotropic solid by taking a Euclidean reference
frame such that the propagation takes place along the x3-direction. What is the propagation
factor for (a) propagatio~n in the direction of increasing x3, (b) propagation in the direction of
decreasing x3? Express Tp,q in terms of the non-vanishing component of !~"r.
Answer:
(a) propagation factor = exp(-~px3),
~1,1 = 7~2,2 = -s-12 2(~P1~’3), 7~3,3 = -s-l(2;t + 22/z)(~p~’3), ~1,2= 7~2,3 = ~3,1 = 0 ;

(b) propagation factor = exp(~/,x3),

" "
,,2 ,, ^T3,3
^
^ = ~2,3 : 7~3,1 : 0.
T1,1 : T2,2, : s-1
Z 03pV3),
: s-1(2 ~
+ 22 ~(~P~3), T1,2

Here, ~p= s[/?z/(22 + 22/*)]~/2, and Re(~p) > 0 for Re(s) > 0.
Exercise 14, 1-2

Construct the one-dimensional S-wave solutions of the source-free complex frequency-domain
elastic wave-field equations in a homogeneous, isotropic solid by taking a Euclidean reference
frame such that the propagation takes place along the x3-direction. What is the propagation
factor for (a) propagation in the direction of increasing x3, (b) propagation in the direction of
d~ecreasing x^3? Express ~rp,q in terms of the non-vanishing components of ~’r’ Consider the cases
V~ : 0 and V2 g: 0 separately.
Answer:
(a) propagation factor = exp(-~sX3),
ill,1 = ~2,2 = fi3,3 = 0, ~1,2 = 7~2,3 = 0, fi3,1 = -s-12 tt(~3sQa),
or ~l,l=~’2,2=~3,3=O,~l,2=O,~’2,3=-s-12!’t(~sQ2),~3,1=O;
(b) propagation factor = exp(~sx3),
~1,1 = 7~2,2 : 7~3,3 : 0, 7~1,2 : 7~2,3 : 0, ~’3,1 : s-12/U(~sQ1),
or Tl,l = T2,2 = T3,3 = O, ~l,2 = O, T2,3 = s Z, ~7s 2),T3,1=0
Here, ~s = s(fi/(2/~)1/2, and Re(~s) > 0 for Re(s) > 0.

14.:2 Plane waves in lossless solids; the slowness surface
In a lossless solid the complex frequency-domain longitudinal elastodynamic impedance per
length ~/c,r and the transverse elastodynamic admittance per length ~i,j,p,q reduce to
~k,r = Spl~,r

(14.2-1)
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and
(14.2-2)

Oi,j,p,q = sSi,j,p,q ,

respectively, in which Dk, r and Si,j,p,q are independent of s. Under these circumstances the
complex propagation vector ~s is written as
~s= SAs ,

(14.2-3)

in which A2 is the slowness vector. Substitution of Equations (14.2-1)-(14.2-3) in the dispersion
equation (14.1-9) leads to
det (ZmCk, m,n,rZn - Pr, k) = 0,

(14.2-4)

which is the equation to be satisfied by the slowness vector. In this equation Ck, m,n,r is the
stiffness. Note that, although Equation (14.2-4) is independent of s and Ck, m,n,r and p are
real-valued, As can still be complex-valued.
Uniform plane waves
For a uniform plane wave in a lossless solid the propagation vector is written as
(14.2-5)
~s =SA~s,
in which ~s is the (real) unit vector in the direction of propagation of the plane wave (note that
~s~s = 1) and A is the scalar slowness.
Substitution of the corresponding
As = A~s
(14.2-6)
in Equation (14.2-4) yields
det (~mCk, m,n,r~nz 2 _ Pk, r) = 0,

(14.2-7)

which is a cubic algebraic equation in A 2, which, in general, has three distinct roots.
In the three-dimensional Euclidean slowness space where As = A~s is the position vector,
Equation (14.2-7) defines a surface known as the slowness surface. For the class of lossless
solids, the slowness surface characterises geometrically the propagation properties of uniform
plane waves. In particular, the shape of the slowness surface is indicative of the presence of
anisotropy in the elastic and/or inertia properties of the solid. As Equation (14.2-7) shows, the
slowness surface for an anisotropic, lossless solid consists, in general, of three sheets.

Isotropic solids
For an isotropic, lossless solid we have
Pl~,r = Pdk, r
and
Ci, j,p,q = ~i,j~p,q ÷ ~(~i,p~j,q + ~i,q~j,p) ,

(14.2-8)
(14.2-9)
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where ;t and/z are the Lam6 coefficients. With this, Equation (14.1-15) reduces to
~’p,q = - [X(AiQi)~p,q + !t(Ap~’q + Aq~p) ] .

(14.2-10)

Substitution of Equations (14.2-10) and (14.2-8) in Equation (14.1-5) yields
(~ + #)Al~(AiQi) +/~(AiAi)Qk- p~’lc= O .

(14.2-11)

Upon contracting Equation (14.2-11) with Ak it follows that
[(~ + 2~)(AiAi) - p] Ak~"k =0.
The first possibility to satisfy Equation (14.2-12) is
AiAi = p/(2 + 2/0 = ct72,

(14.2-12)
(14.2-13)

combined with A/~Q/c # 0. Substitution of Equation (14.2-13) in Equation (14.2-11) yields
~k = c~2Ak(Ai~’i) .

(14.2-14)

This wave is a (non-uniform) plane P-wave.
The second possibility to satisfy Equation (14.2-12) is
Ak~/k =O,

(14.2-15)

combined with AiAi ~ p/Q, + 2#). Substitution of Equation (14.2-15) in Equation (14.2-11)
leads to
AiAi=p/# =c~-2.
(14.2-16)
This wave is a (non-uniform) plane S-wave. (Note that if Equation (14.2-16) holds, we certainly
have AiAi ~ p/(2 + 2#).)
Uniform plane waves
For a uniform plane wave in an isotropic, lossles solid we have
(14.2-17)

As =A~s,

where ~s is a real unit vector. In this case, Equation (14.2-13) reduces, since ~i~i = 1, to
A2=p/(2 + 2#) = c~2,
(14.2-18)
or

A = [p/(2 + 2#)1½ = c~1,

(14.2-19)

and Equation (14,2-14) to
l~’k = ~k(~i!~’i).

(14.2-20)

Equation (14.2-20) shows that a uniform plane P-wave is longitudinal (with respect to its
direction of propagation).
Furthermore, Equation (14.2-16) reduces, since ~i~i = 1, to
A 2= p/lz = c~2,
(14.2-21)
or

Plane elastic waves in homogeneous solids
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A = (p/#) ½ = c~-1,

(14.2-22)

and Equation (14.2-15) to

k¢k=0.

(14.2-23)
Equation (14.2-23) shows that a uniform plane S-wave is transverse (with respect to its direction
of propagation).
As Equations (14.2-18) and (14.2-21) show, the slowness surface for uniform plane waves
in an isotropic, lossless solid consists of two concentric spheres with radii C/~1 and Cs-1,
respectively. The relevant values could also have been obtained by solving the determinantal
equation (14.2-7) after substituting Equations (14.2-8) and (14.2-9). After some algebraic
manipulations we then arrive at
[Q, + 2#)A 2 _ p] (]~A 2_ p)2 = 0
(14.2-24)
as the equation for the slowness surface. This equation shows that the sphere with radius c~"1
is, in fact, a double sheet of the slowness surface (Figure 14.2-1).

Exercises
Exercise 14.2-1
Let { O; A1,A2,A3 } be an orthogonal Cartesian reference frame in three-dimensional slowness
space. Use Equations (14.2-7), (14.2-8) and (14.2-9) to construct the equation for the
(three-sheeted) slowness surface of a homogeneous, isotropic, lossless elastic solid.

cS

I:i~ul’t~ | 4.2-| Slowness surface (two concentric spheres) for uniform plane waves in an isotropic,
lossless solid.
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Answer:
A12 + A~ + A~ = p/(~ + 2/0 = c/72,

(14.2-25)

together with
A? + A~ + A~ = pltu = c~"2 (double).

(14.2-26)

14.3 Plane waves in the real frequency domain; altenuation vector and
phase vector
In the signal processing of elastic wave phenomena extensive use is made of the highly efficient
Fast-Fourier-Transform (FFT) algorithms that apply to the imaginary values s = j~o
(j = imaginary unit, ro = (real) angular frequency) of the complex frequency s to transform
wave-field quantities from the time domain to the complex frequency domain, and vice versa.
As a consequence, the corresponding imaginary values of s are of particular interest. Now, for
imaginary values of s, the condition of causality can no longer be easily invoked on the
frequency-domain wave quantities. To control the causality one must always consider the
imaginary values of s as the limiting ones upon approaching, in the complex s plane, the
imaginary axis via the right half Re(s) > 0 of the complex s plane. For s = jco it is customary to
decompose the complex propagation vector ~;s = ?;s(Jc°) into its real and imaginary parts
according to

))s(jO~) = as(~O) + jfls(O)),

(14.3-1)
=
where as = attenuation vector (SI-unit: neper/meter = Np/m), fls phase vector (SI-unit:
radian/meter = rad/m). In view of the property
I exp(-~sXs)l = exp(-asXs),

(14.3-2)

which holds since I exp(-jflsxs) l = 1, the family of planes { aCR3,xCR3 ;asXs = constant } defines
a set of planes of equal amplitude, while in view of the property
arg[exp(-?)sXs)] = -flsxs,

(14.3-3)

which holds since arg[exp(-asXs)] = 0, the family of planes {fl~.IZ~3,x¢!Z~3;flsXs = constant}
defines a set of planes of equal phase. These two properties elucidate the term "plane wave"
for complex frequency-domain solutions of the elastodynamic wave equations of the type given
in Equation (14.1-3).

Uniform plane waves
For a uniform plane wave propagating in the direction of the unit vector ~s we have (see
Equations (14.1-10) and (14.3-1))
as = a~s
and

(14.3-4)

Plane elastic waves in homogeneous solids
fls = fl~s ,
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(14.3-5)

where
a is the (scalar) attenuation coefficient (Np/m),
fl is the (scalar) phase coefficient (rad/m)
and
~(jco) = a(co) + jfl(co).

(14.3-6)

For uniform plane waves, the set of planes of equal amplitude coincides with the set of planes
of equal phase (Figure 14.3-1).

Propagation in a Iossless, isotropic solid
As an illustrative example we shall discuss the propagation of plane waves in a lossless,
isotropic solid. For such a solid, it follows from Equations (14.2-3), (14.2-13) and (14.2-16)
that
(as+Jfls)(as+Jfls)=-co2/ct~ for plane P-waves
(14.3-7)
and
(as + Jfls)(as + its) =-°)2/c~ for plane S-waves.

(14.3-8)

Since the right-hand sides of Equations (14.3-7) and (14.3-8) are real-valued, a separation of
these equations into real and imaginary parts leads to
asas - fists = --0921C2p and asfls = 0 for plane P-waves

(14.3-9)

and

Figure 14.3-1 Planes of equal amplitude ( ~ ) and planes of equal phase (- - -) of a uniform plane
P- or S-wave in the real frequency domain.
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asas - fists = -°)2]c~ and asfls = 0 for plane S-waves.

(14.3-10)

Equation (14.3-9) admits solutions for which as : 0 and fls : O, subject to the condition asfls =
0. These solutions correspond to non-uniform plane P-waves, for which the propagation vector
and the attenuation vector are mutually perpendicular, while the magnitude of the propagation
vector is greater than the magnitude of the attenuation vector. The planes of equal amplitudes
are in this case perpendicular to the planes of equal phase (Figure 14.3-2).
Equation (14.3-9) also admits solutions for which as = 0 and fists = co:~/cZP. In this case we
can write fls = fl~s, where ~s is an arbitrary unit vector and fl = o)/cp. This type of solution
corresponds to a uniform plane P-wave. (Note that as ~ 0 and fls = 0 does not lead to a solution
of Equation (14.3-9).)
Similarly, Equation (14.3-10) admits solutions for which as ~ 0 and fls : O, subject to the
condition asfls = 0. These solutions correspond to non-uniform plane S-waves, for which the
propagation vector and the attenuation vector are mutually perpendicular, while the magnitude
of the propagation vector is greater than the magnitude of the attenuation vector. The planes of
equal amplitudes are in this case perpendicular to the planes of equal phase (Figure 14.3-2).
Equation (14.3-10) also admits solutions for which as = 0 andflsfls = 0)2[Cs2. In this case we
can write fls = fl~s, where ~s is an arbitrary unit vector and/3 = coles. This type of solution
corresponds to a uniform plane S-wave. (Note that as : 0 and/3s = 0 does not lead to a solution
of Equation (14.3-10).)

Exercises
Exercise 14,3-1

Carry out the steps that lead from Equation (14.3-7) to Equation (14.3-9) and verify the
statements about the admissible solutions of the latter equation.
I
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Figure 14.3-2 Planes of equal amplitude (~) and planes of equal phase (-- -) of a non-uniform
plane P- or S-wave in a homogenous, isotropic, perfectly elastic solid.
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Exercise 14.3-2

Carry out the steps that lead from Equation (14.3-8) to Equation (14.3-10) and verify the
statements about the admissible solutions of the latter equation.

14.4 Time-domain uniform plane waves in an isolropic, lossless solid
Time-domain uniformpIane waves in an isotropic, lossless solid are solutions of the source-free
elastic wave equations (see Equations (10.7-22)--(10.7-25) and (10.5-4), (10.5-5))
+
-Ak, m,p,qam~p,q + DatVk = O,

(14.4-1)

Ai+,j,n,ranVr - Si,j,p,qat~p,q "-" O,

(14.4-2)

of the form

{Tp,q,Vr} = { Zp,q,Vr}(t_ A~sxs)’

(14.4-3)

in which ~s is the unit vector in the direction of propagation of the wave, A is its slowness, and
Tp, q(t) and Vr(t) are the pulse shapes ("signatures") of the dynamic stress rp, q and the particle
velocity vr, respectively. Substitution of Equation (14.4-3) in Equations (14.4-1), (14.4-2) leads,
in view of the relation
(14.4-4)
am{ Tp,q,Vr}(t- A~sxs) = -A~mat{ Tp,q, Vr)(t- A~sxs) ,
to

AA-~,m,p,q~matZp,q + PatVk = 0,

(14.4-5)

-A A~,j,n,r~natVr - Si, j,p,qatTp,q = 0.

(14.4-6)

Since Equations (14.4-5) and (14.4-6) have to be satisfied for all values of t at each position x
of the source-free domain under consideration, all components of atTp,q and all components of
atVr must have a common pulse shape. In view of this, and of the condition of causality by
which Tp, q and Vr have the value zero prior to some instant in the finite past, all components
of Tp, q and all components of Vr must have a common pulse shape (i.e. Tp,q(t) = Tp,qa(t) and
Vr(t) = Vra(t), where {Tp,q,Vr} are now the (constant) amplitudes of {Vp,q,Vr} and a(t) is the
somehow normalised pulse shape of the wave motion). In accordance with this, Equation
(14.4-3) is replaced by
(14.4-7)
{~:p,q,Vr} = { Tp,q,Vr}a(t- A~sxs) .
With Equation (14.4-7), Equations (14.4-5), (14.4-6) reduce to
+

AAk, m,p,q~mTp,q + pVk = O,

(14.4-8)

-Z A~,j,n,r~n Vr - Si,j,p,qZp,q "" O .

(14.4-9)

Substitution of the expression for Tp, q resulting from Equation (14.4-9), viz.
(Tp,q + Zq,p)[2 = -ZCp,q,i,j~i~ = -A [/q~p,q~iVi + ~(~pVq + ~qVp)] ,

where 2 and kt are the Lam6 coefficients, in Equation (14.4-8) yields

(14.4-10)
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A+

+A

= O.

(14.4-11)

Upon contracting Equation (14.4-11) with ~k it follows that

+

o.

(14.4-12)

The first possibility to satisfy Equation (14.4-12) is
A=~o/(2 + 2~011/2 = c~7~,

(14.4-13)

combined with ~kV/~ ~: 0. Substitution of Equation (14.4-13) in Equation (14.4-11) then yields
(14.4-14)

Vk : (~iVi)~k ,

i.e. the particle velocity of this wave is longitudinal with respect to its direction of propagation.
This wave is obviously a uniform plane P-wave.
The second possibility to satisfy Equation (14.4-12) is
~/~V/~ = 0,

(14.4-15)

combined with A ~ c/71. Substitution of Equation (14.4-15) in Equation (14.4-11) leads to
A = (p/tz)l/2 = c~1
(14.4-16)
On account of Equation (14.4-15) the particle velocity of this wave is transverse with respect
to its direction of propagation. This wave is obviously a uniform plane S-wave. (Note that if
Equation (14.4-15) holds, we must have A = c~-1 and hence A ~ cfil.)
Next, Equation (14.4-10) is contracted withAk,+ m,p,q~m. Since A-~,rn,p,q~mTp,q( t - A~sXs) -"
tl~(t - A~sXs) where t/~ = tk(t - A~sxs) is the dynamic traction of the uniform plane wave along
its direction of propagation, this leads to
tk =-A[2~k~iVi+ l~(~k~mVm + ~m~mVk)]=-A[2~ld~iVi+ /U(~k~mVm + Vk)], (14.4-17)
since ~m~m = 1. For a uniform plane P-wave, we have A -- c/71 and V/~ - ~mVm, and hence

t~ = -pcpV~,P,

(14.4-18)

where we have used the relation 2 + 2~z = pc2~. For a uniform plane S-wave, we have A = cs--1
and ~iVi = 0, and hence
t~S= -PcsV: ,

(14.4-19)

where we have used the relation/z = pcs2. Equations (14.4-18) and (14.4-19) show that for a
uniform plane P- or S-wave the traction along the direction of propagation and the particle
velocity have the same direction (in fact, opposite directions) and that they are proportional
with proportionality factors
Zp = pcp = [/9(2 + 2/z)]1/z,
(14.4-20)
which is denoted as the plane elastodynalnic P-wave impedance, and
Zs = PCs = (plz)~/2,

(14.4-21)

which is denoted as the plane elastodynatnic S-wave impedance, respectively.
For the elastodynamic powerflow density in the plane P- or S-wave we have to evaluate the
elastodynamic Poynting vector
a

+

Sm = -Am,r,p,q~p,qVr.

(14.4-22)
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Using Equations (14.4-3) and (14.4-10) in the right-hand side, we obtain the following
expression in terms of the particle velocity:
(14.4-23)
Sn] = A{2(~rVr)Vm + ~[(VqVq)~m + (~rVr)Vm]} .
However, the particle velocity VrP of a uniform plane P-wave is longitudinal, and hence
(~rVrP) VPm -- (VrPVrP)~ra .

(14.4-24)

With this, the expression for the elastodynamic Poynting vector Sn];P associated with a plane
P-wave becomes
Sn];P = c;I (2 + 2/~)(VrPVrP)~m = cpp(VrPVrP)~m.
(14.4-25)
Furthermore, the particle velocity VrS of a uniform plane S-wave is transverse, and hence
~rVrS = O .

(14.4-26)

With this, the expression for the elastodynamic Poynting vector S,];s associated with a plane
S-wave becomes
Sr~;S = c;l!.t(VSq VqS)~m = csp(VSq V~)~rn.

(14.4-27)

Equations (14.4-25) and (14.4-27) express the elastodynamic Poynting vector in terms of the
particle velocity of the plane waves. They show that the elastodynamic Poynting vector has
only a component along the direction of propagation of the wave. In view of this property we
+
have, upon changing some subscripts and using the symmetry property A~,r,p,q = A~,q,k,r,
Sn] "- -A +m,r,p,q~p,qVr -" -~m(~kA~,r,p,q~p,qVr)
= -~m(~p,qA~,q,k,r~kVr) = -~m(~i,jA~,j,k,r~kVr).

(14.4-28)

Using Equation (14.4-9) in the right-hand side, we obtain the following expression for the
elastodynamic Poynting vector in terms of the dynamic stress:
(14.4-29)

Sam = C~m( Zi,jSi, j,p,qTp,q) .

For a uniform plane P-wave this results in
Sn~’P --- Cp~m( TiP, jsi, j,p,qZpP, q)

(14.4-30)

and for a uniform plane S-wave in
Sn]’S -- CS~m(ZiS, jsi, j,p,qTpS, q) .

(14.4-31)

Equations (14.4-30) and (14.4-31) express the elastodynamic Poynting vector in terms of the
dynamic stress of the plane wave. Comparing Equation (14.4-25) with Equation (14.4-30), we
conclude that
½ PVrPVrP = ½TiP, jsi,j,p,qTpP,

q,

(14.4-32)

i.e. the volume density of kinetic energy in a uniform plane P-wave is equal to the volume
density of deformation energy in it. In view of this, we can write
Sam;P = cP [½ pVrPVrP +½ TiP, jsi, j,p,qTpP, q] ~rn .
(14.4-33)
Similarly, comparing Equation (14.4-27) with Equation (14.4-31), we conclude that
(14.4-34)
½ PVrSVrS = ½ TiS, jsi,j,p,qTpS, q,
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i.e. the volume density of kinetic energy in a uniform plane S-wave is equal to the volume
density of deformation energy in it. In view of this, we can write
S~;S = Cs [½ PVrSVrS ÷ ½ TiS, jsi, j,p,qTpS, q] ~m "

(14.4-35)

Equations (14.4-33) and (14.4-35) lead to the picture that for a uniform plane P-wave and a
uniform plane S-wave the elastodynamic Poynting vector is the quantity that carries the sum
of the volume densities of kinetic and deformation energy with the corresponding elastic P- or
S-wave speed in the direction of propagation of the wave.

Exercises
Exercise 14,4-1

Construct the one-dimensional P-wave solutions of the source-free time-domain elastic
wave-field equations in a homogeneous, isotropic, lossless solid by taking a Euclidean reference
frame such that the propagation takes place along the x3-direction, (a) for propagation in the
direction of increasing x3, (b) for propagation in the direction of decreasing x3. Express Tp, q in
terms of the non-vanishing component of Vr.
Answer:

(a) V3 = V3(t-x3]cp), T1,1 = Z2,2=-(2[cp)V3, T3,3 =-[(2 + 2jz)[cp]V3’ Zl,2 = T2,3 = Z3,1 =0;
(b) V3 = V3(t-x3]cp), T1,1 = T2,2 = (2]cp)V3, T3,3 = [(2 + 2/z)/cp]V3, T1,2 = T2,3 = T3,1 = 0.

Here, cp = [(2 + 2/.t)/p]~’2.
Exercise 14,4-2

Construct the one-dimensional S-wave solutions of the source-free time-domain elastic
wave-field equations in a homogeneous, isotropic, lossless solid by taking a Euclidean reference
frame such that the propagation takes place along the x3-direction, for (a) propagation in the
direction of increasing x3, (b) propagation in the direction of decreasing x3. Express Tp, q in
terms of the non-vanishing components of Vr. Consider the cases V1 # 0 and V2 # 0 separately.
Answer:

(a) V1 = Vl(t-x3]cs), T1,1 = T2,2= T3,3 = 0, T1,2= T2,3 = 0, T3,1 =-(~/cs)V1’
or
V2-- V2(t-x3[cs), T1,1 = T2,2 = T3,3 = 0, T1,2 = 0, T2,3 =-(~U]Cs) V2, T3,1 = 0;

(b) V1 = Vl(t + x3]cs), T1,1 = T2,2 = T3,3 =0, T1,2 = T2,3 =0, T3,1 =(~tt[cs)V1,
or
V2 = V2(t + x3]cs), T1,1 = T2,2 = T3,3 = 0, T1,2 = 0, T2,3 -’- (~U]Cs) V2, T3,1 = 0.

Here, cS = Oz/p) l/2.
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Exercise 14.4-3
Determine the value of (a) the elastodynamic plane P-wave impedance, (b) the elastodynamic
plane S-wave impedance for a solid with p = 8x103 kg/m3, cp = 5000 m/s, cs = 3000 m/s.
Answer: (a) Zp = 40xlO6 kg/m2.s; (b) ZS = 24x106 kg/m2.s.
Exercise 14.4-4

For a uniform plane wave, periodicity in time entails periodicity in space. Let T denote the time
period of the wave and f= 1/T its frequency (Hz). Show, with the aid of Equation (14.4-7), that
the spatial period 2 in the direction of propagation of the wave is related to T orfvia
/1. = cT = c/f .

(14.4-36)

(The quantity 2 is known as the wavelength of the time-periodic plane wave.)
Exercise 14,4-5

Determine the wavelength of a time-periodic plane elastic wave for which c = 2000 rn/s if
this wave has a frequency of (a) f= 10 Hz, (b) f= 100 Hz, (c) f= 1000 Hz, (d) f= 10 kHz,
(e) f= 1 MHz.
Answer: (a) 2 = 200 m, (b) ~ = 20 m, (c) ;t = 2.0 m, (d) 2 = 0.2 m, (e) 2 = 2.0 mm.

