rom sources in an unbounded,
homogeneous, iso ropi¢ medium

In this chapter we calculate the electromagnetic field that is causally related to the action of
exciting sources of bounded extent in an unbounded homogeneous, isotropic medium that is
linear, time invariant and locally reacting in its electromagnetic behaviour. The field quantities
(electric field strength and magnetic field strength) are determined with the aid of a spatial
Fourier transformation method that is applied to the complex frequency-domain equations that
have been discussed in Chapter 24. The electric-current and the magnetic-current source vector
potentials are introduced. Several applications are given. In particular, the radiation from
current-carrying wire segments and current-carrying loops is discussed, both in the complex
frequency domain and in the space-time domain. Finally, the solution to the initial-value
problem (Cauchy problem) for a lossless medium is given.

26,| The electromagnetic field equations and their solution in the angular
wave-vector domain
The complex frequency-domain electric and magnetic field strengths !~r and ~p in a
homogeneous and isotropic medium satisfy the complex frequency-domain electromagnetic
field equations (see Equations (24.4-1) and (24.4-2))
-l~k,m,pOm[2lp + 01~k =-,~k ,

(26.1-1)

~,n,r~nl~.r + ~tQj -" --f~j ,

(26.1-2)

in which the transverse admittance ~ and the longitudinal impedance ~ per length of the mediurn
are given by
~=6 + s~,

(26.1-3)

~ = sfi ,

(26.1-4)

for a medium with relaxation, by
~=S~° ,

(26.1-5)
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(26.1-6)
for an instantaneously reacting (i.e. lossless) medium, and by
~’-G-k S~,

(26.1-7)

~= F + s!~,

(26.1-8)

for a medium with conductive electric and linear magnetic hysteresis losses. (In many
applications, the magnetic hysteresis losses are negligible and F can be put equal to zero.
However, the inclusion of F in the formulas makes these symmetrical in the electric and the
magnetic properties, which is an important check in all mathematical expressions related to the
electromagnetic field.) A particular case of a medium with relaxation which we shall consider,
is the collisionless electron plasma and the superconducting metal, for which
~ = s~0(1 + COp2e/S2),

(26.1-9)

~=s/~0,

(26.1-10)

Since the medium is homogeneous, ~ = O(s) and ~ = ~(s) are independent of position. We assume
that the v~olume source density of electric current ~/~ and the volume source density of magnetic
current Kj only differ from zero in some bounded subdomain a9T of R3; a)Tis the spatial support
of the source distributions and is denoted as the source domain of the radiated (or transmitted)
field (Figure 26.1-1). The influence of non-zero initial field values has been incorporated into
the volume source densities.
To solve Equations (26.1-1) and (26.1-2) we subject these equations to a three-dimensional
Fourier transformation over the entire configuration space ~v3 (see Section B.2). The usefulness
of this operation is associated with the property of shift invariance of the medium in all Cartesian
directions. In accordance with Appendix B the spatial Fourier transformation is written as
{/~r,/~p } (jk, s) = fx~exp(jksxs){~r,/r-~p } (X,S) dV,

(26.1-11)

where j denotes the imaginary unit and
k=kli(1)+k2i(2)+k3i(3) with k~.3,

(26.1-12)

is the angular wave vector in three-dimensional Fourier-transform or k-space. According to
Fourier’s theorem we inversely have
{Er,Hp}(x,s) = (2~)-3

xp(-Jksxs){Er,Hp}(jk, s) dV.

(26.1-13)

For the spatial derivatives we employ the relation
~x R3exp(jksXs)3m ( ~r,~lp } (X,S) d V = -jkm { ~r,~p } ( jk, s) ,

(26.1-14)

where it has been taken into account that !~r and/-)p will, due to causality, show, for Re(s) > 0,
an exponential decay as Ixl~oo. (In Section 26.3 this will be shown indeed to be true.) With
this, Equations (26.1-1) and (26.1-2) transform into
jkmgk, m,Ap + O ~k= -Jk ,

(26.1-15)
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~(3)

O

i(1)
~:igure 26. | o | Sources {.]to~’} at position x’E9r (source domain) generate electromagnetic radiation
in a~ homogeneou~s, i.,sotropic medium with complex frequency-domain electromagnetic parameters
{r~,~ }. The field {Er,Hp} is observed at position xEaL3.
_jkn~j,n,r~r + ~j =

(26.1-16)

where
{J~,Kj}(jk, s) =J x~ exp(jksxs){ JlvK] }(x,s) dV

(26.1-17)

is the spatial Fourier transform of the source distributions. (Note that the integration on the
right-hand side is extended over the source domain ~DT.) Multiplication of Equation (26.1-15)
by k/~ and taking into account that kkkme.k,m,p = 0 in view of the antisymmetry of et:,m,p in its
subscripts k and m, leads to the compatibility relation in angular wave-vector space
0kk/~/¢ = -k~aT~.

(26.1-18)

Similarly, multiplication of Equation (26.1-16) by kj and taking into account that kjkn~j,n,r = 0
in view of the antisymmetry of ~,n,r in its subscriptsj and n, leads to the compatibility relation
in angular wave-vector space
~kjflj = -kj~j .

(26.1-19)

To solve { Er ,Hp } from Equations (26.1-15) and (26.1-_16) we first eliminate one of the ang_ular
wave-vector domain field quantities. For example, Hp is first eliminated. To this end,/-~ is
solved from Equation (26.1-16) to yield
~lj = ~-l(jkn~,n,r~r- ~j) .

(26.1-20)

Replacing the subscript j by p, substituting the result in Equation (26.1-15) and multiplying
through by ~, the following equation for the electric field strength in angular wave-vector space
is obtained
jkmek, m,pjknep,n,rEr + ~Ek =-~Jk + jkmek,m,pKp ,

(26.1-21)
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or, employing the relation (see Equation (A.7-51))
(26.1-22)

gk, m,pEp,n,r = ~k,n~}m,r - ~k,r~m,n ,

the equation
-kkkr~r + kmkmff’k + ~ff~k = -~k + jkmek, m,p~p "

(26.1-23)

Now, Equation (26.1-23) would be simple to solve if we had a known expression for kr~r. Such
an expression is provided by the compatibility relation of Equation (26.1-18). Use of Equation
(26.1-18) in Equation (26.1-23) leads to
(krakm + ~Sff~k = -~k- ~-Xkkkr’~r + jkmt~k,m,p~2p"
(26.1-24)
From Equation (26.1-24) the expression for the electric field strength in angular wave-vector
space is obtained as
~k = ~(-~k- O-lkkk~r + jkmg-k,m,p~p) ,

(26.1-25)

in which ~ is given by
kmkm + ~ .

(26.1-26)

A similar procedure is employed to determine the expression for the magnetic field strength in
angular wavesvector space. For this, Er is eliminated from Equations (26.1-15) and (26.1-16).
To this end, E/~ is solved from Equation (26.1-15) to yield
ff~k=-~-l(jkmek, m,Ap + ~k)’

(26.1-27)

Replacing the subscript k by r, substituting the result in Equation (26.1-16) and multiplying
through by ~, the following equation for the magnetic field strength in angular wave-vector
space is obtained
(26.1-28)

jknej,n,rjkmer, m,Ap + ~j = -O~j -jknej,n,r~r,

or, employing the relation (see Equation (A.7-51))

(26.1-29)

~j,n,r~.r,m,p = (}j,mOn,p - Oj,pOn,m ,

the equation
-kjkt~p + knkn[YIj + 0~ = -0~ -jknSj,n,rL"

(26.1-30)

Now, ~uation (26.1-30) would be simple to solve if we had a ~own expression for k~p. Such
an expression is provided by ~e compatibility relation of ~uation (26.1-19). Use of ~uation
(26.1-19) in ~uation (26.1-30) leads to
~ = ~(--0~- ~-l~kp~p-jkn~,n,rZ),

(26.1-31)

in which ~ is given by ~uation (26.1-26).
To elucidate the s~uctural dependence of the fields on ~e source Ns~ibutions ~at generate
them, we in~oduce ~e angul~ wave-vector domain elec~ic-cu~ent source vector potenfiN
~ff = ~
and the angular wave-vector domain magnetic-current source vector potential

(26.1-32)

Electromagnetic radiation in an unbounded, homogeneous, isotropic medium 723
~ =~.
In terms of these, Equation (26.1-25) can be rewritten as
= -~9: - ~-lkkkr~)/ + jkmek,m,p~pK,
and Equation (26.1-31) as
~Ij = -O~)f~ - ~-lkjkp~pK- jkn~j,n,r~/.

(26.1-33)
(26.1-34)
(26.1-35)

In Sections 26.2 and 26.3 the inverse spatial Fourier transformation of Equations (26.1-32)(26.1-35) will be carried out; this will result into the complex frequency-domain expressions
for the electric and the magnetic field str_eng~s of the field radiated by the sources. Once the
function ~ = (~(x,s) that corresponds to G = G(jk,s) has been determined, elementary rules of
the spatial Fourier transformation suffice to construct the expressions for the field components.
In Section 26.2, (~ = ~_ff_x,s) will be determined by directly evaluating the Fourier inversion
integral applied to ~ = G(jk,s).

26.2 The Green’s function of the scalar Helmholtz equation
In this section, the function ~ = ~(x,s) whose angular wave-vector space counterpart ~ =
~(jk,s) has been introduced in Equation (26.1-26) will be determined. This function can be
considered as the basic wave function (Green’s function) of the scalar Helmholtz equation. The
starting point for the evaluation of ~ is the inverse Fourier transformation
O(x,s) = (2z~)-3 f e~ xp(-jksxs)~(jk, s) dV,

(26.2-1)

in which
~(jk, s) = 1
kmkm + ~ z ’
with
)3 = (~)~A.

(26.2-2)

(26.2-3)

In Equation (26.2-3), Re();) > 0 for Re(s) > 0, since ~ = ~(s) and ~ = ~(s) share this property.
By applying the standard rules of the spatial Fourier transformation (see Appendix B), it is
easily verified that ~ = ~(jk,s) is the three-dimensional Fourier transform, over the entire
configuration space ~3, of the function ~ = ~(x,s) that satisfies the three-dimensional scalar
Helmholtz equation with point-source excitation
(~m~m _ ~ 2)~ = ---~X),

(26.2-4)

where fi(x) is the three-dimensional Dirac distribution (impulse function) operative at x = 0.
The simplest way to evaluate the right-hand side of Equation (26.2-1) is to introduce
spherical coordinates in k-space with centre at k = 0 and the direction ofx as the polar axis. Let
0 be the angle between k and x, and ~b be the angle between the projection of k on the plane
perpendicular to x and some fixed direction in this plane (Figure 26.2-1),- then the range of
integration is 0~<lkl <~,, 0~<0~<z, 0~<¢ <2z, while
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Figure 2.6.2-1 Integration in k-space to evaluate ~(x,s); { [kl,0,~ } are the spherical polar coordinates,
withx as polar axis and the ranges of integration 0~lkl <*~, 0~0<~r, 0~<q~ <2:r.

ksxs = Ikllxl cos(0),

(26.2-5)

k, mkm = Ikl2,

(26.2-6)

and
dV = Ikl2 sin(O) dlkl dO dq~.

(26.2-7)

In the resulting right-hand side of Equation (26.2-1) we first carry out the integration with
respect to (p. Since the integrand is independent of ~b, this merely amounts to a multiplication
by a factor of 2:r. Next, we carry out the integration with respect to 0, which is elementary.
After this we have, for Ixl # 0,
1 ~lO*

:z

~r

’kl ~Iexp[-jlkllxlcos(O)]l
~(~’~) = ~ ~:o I~1
+ ~ ~ L ~i ~ ~o ~l~l
1

exp(jlkllxl) - exp(-jlkllxl) Ikl dlkl

- 4:r2jlxl It, l=o

Iklz + 9 z

’

(26.2-8)

Considering Ikl as a variable that can take on arbitrary complex values and denoting this
variable by k, Equation (26.2-8) can be rewritten as
d(x,s) = 1
exp(-jklxl) k dk’
4z~Ejlxl -~ k2+)~2

(26.2-9)

The integral on the right-hand side of Equation (26.2-9) is evaluated by continuing the integrand
analytically into the complex k plane, supplementing the path of integration by a semi-circle
situated in the lower half-plane --,,o < Im(k)~<0 and of infinitely large radius, and applying the
theorem of residues (Figure 26.2-2). On account of Jordan’s lemma, the contribution from the
semi-circle at infinity vanishes. Furthermore, the only singularity of the integrand in the lower
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Im(k)

Re(k)

~:igu~’e 26.2-2 Integration in the complex k plane to evaluate ~(x,s). Jordan’s lemma and the theorem
of residues are applied to the closed contour in the lower half-plane, where Im(k) < 0. The simple pole in
the lower half-plane is located at k = -if, since Re(~~) > 0 for Re(s) > 0.

half of the complex k plane is the simple pole at k = -j); (note that Re()3) > 0 for Re(s) > 0).
Taking into account the residue of this pole and the fact that the contour integration is carried
out clockwise instead of counter-clockwise, we arrive at

~(x,s) = exp(-~lxl)/4~rlxl for Ixl ~ 0.

(26.2-10)

This expression will be used in the process of inversely Fourier transforming the angular
wave-vector domain wave quantities obtained in Section 26.1.
In the course of our further analysis we also need the first- and second-order spatial
derivatives of ~. By straightforward differentiation these are obtained from Equations (26.2-10)
as

-~ /xrn exp(-~lxl)
Ixl)lxl

for Ixl ~ 0,

(26.2-11)

and

for Ixl ~ 0.
These results will be used in our subsequent analysis.

(26.2-12)

726

Electromagnetic waves

Exercises
Exercise 26.2-1

Prove, by using Equation (26.2-2) and carrying out in the relevant Fourier integral a contour
integration in the complex k3 plane, that
d(x,s) = e xp(-~’lxl) / 4~rlxl
exp[-j(klXl+k2x2)-(k~+k22+~2)½1x31]
= (~1~)2 ~
d{/q,ka}e~
2(k~ + k22 + y2)’/=

dkldk2 ’ (26’2-13)

(Hint: Observe that k3 = orj(kl2 + k~ + )32)~A are simple poles of the analytically continued
integrand (away from the real k3 axis) in the upper and lower halves of the complex k3 plane
and that Jordan’s lemma applies to a semi-circle in the lower half of the k3 plane for x3 > 0 and
to a semi-circle in the upper half of the k3 plane for x3 < 0.) (The representation of Equation
(26.2-13) plays a major role in the analysis of electromagnetic radiation problems in
subdomains of R3 with parallel, planar, boundaries.)

26.3 The complex frequency-domain source-type representations for the
electric and the magnetic field strengths
The complex frequency-domain source-type representations for the electric and the magnetic
field strengths of the field radiated by the sources located in ff)T are obtained by carrying out
the inverse spatial Fourier transformation to the angular wave-vector domain expressions
obtained in Equations (26.1-34) and (26.1-35). Using the rule that -jkm corresponds to ~rn (see
Equation (26.1-14)), we obtain
+ o-lakOr~5/- t~k,m,pam~SpK,

(26.3-1)

and
12Ij "- --~ ~5~ Or ~-l ~j~p ~SpK + Ej,n,r~ n ~)/.

(26.3-2)

The expressions for the complex frequency-domain electric-current and magnetic-current
source vector potentials ~b~J and ~# are obtained by carrying out the inverse spatial Fourier
transformation of Equations (26.1-32) and (26.1-33), respectively. Since the product of two
functions in angular wave-vector space corresponds to the convolution of these functions in
configuration space (see Equations (B.2-11) and (B.2-12)), we obtain
~b/(x,s) =

~-(x- x’,s)4(x,s) dV

(26.3-3)

and
~jK(x,s) fx,eer -x,s)Kj(x,s)dV,

in which (see Equation (26.2-10))

(26.3-4)
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?_fix, s) = exp(-#lxl)/4~rlxl)

for Ixl ~ 0,

(26.3-5)

with (see Equation (26.2-3))
(26.3-6)
Note that in the right-hand sides of Equations (26.3-3) and (26.3-4) we have taken care to
distribute the arguments over the functions such that the integration is carried out over the fixed
source domain ~DT (see Figure 26.3-1). (If we had provided the source distributions with the
argument x - x’ and the Green’s functions with the argument x’, we would have to integrate
over a domain that varies with x.)
Equations (26.3-1)-(26.3-6) constitute the solution to the complex frequency-domain
electromagnetic radiation problem in an unbounded unhomogeneous, isotropic medium. The
expressions are used in the calculation and computation of multitudinous electromagnetic
radiation problems. In a number of simple cases, the integrals in Equations (26.3-3) and (26.3-4)
can be calculated analytically, and the subsequent differentiations in Equations (26.3-1) and
(26.3-2) can be carried out analytically as well. In more complicated cases, the integrals in
Equations (26.3-3) and (26.3-4) must be computed with the aid of numerical methods. Since,
however, numerical integration can be carried out with alm~ ost any desired degree of accuracy,
such an evaluation presents, apart from the singularity in G at x’ = x no difficulties. Numerical
differentiation, however, is much more difficult and inherently of restricted accuracy. Therefore,
it is in general advantageous to carry out all differentiations in Equations (26.3-1) and (26.3-2)
analytically, which can be done since they act on the position vector x that occurs in the
argument of ~ (see Equations (26.3-3) and (26.3-4)) only. After having done this, only integrals
remain to be evaluated numerically. The relevant derivatives have been evaluated already in
Equations (26.2-11) and (26.2-12).
The carrying out of the spatial differentiations in Equations (26.3-1) and (26.3-2) has
different consequences for the propagation factor exp(-?Plx - x’l) from source point to
observation point and the (inverse) powers of the distance decay from source point to
observation point. As regards the latter, it will be shown below that the following three types
of terms occur:
(a) Terms proportional to (distance)-3; these terms represent the nearfield (also denoted
as the quasi-static field).
(b) Terms proportional to (distance)-2; these terms represent the intennediate field (also
denoted as the induction field).
(c) Terms proportional to (distance)-l; these terms represent the far field (also denoted as
the radiation field).
In additon, each term in the expressions for the electric and the magnetic field strength has
its own directional characteristic in which only the unit vector in the direction of observation
(xm - x~)/[x - x’l as viewed from the source point occurs.
Finally, observe that !~r and ~p indeed show, since Re(~) > 0 for Re(s) > 0, an exponential
decay as Ixl---~,, as has been assumed in Section 26.1.
In what follows, the near-field, intermediate-field, and far-field contributions will be denoted
by the double superscripts NF, IF and FF, respectively. Using Equations (26.2-11) and (26.2-12)
in Equations (26.3-1) and (26.3-2) and employing the notations
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i(3)

o
i(2)

i(1)
I:igure 96.3-1 Complex frequency-domain source-type integral ~pr~esentations for the electromagnetic field {~r,~.p} observed at position x~3, radiated by sources {Jk, Kj} at position x~Dr (bound~ed
source domain) in an unbounded homogeneous, isotropic medium with electromagnetic parameters { 0,~ }.

X = x - x’

(26.3-7)

for the position vector from the source point x’~DT to the observation point x~3 and

= = X,.llXI for IXl ~ 0

(26.3-8)

for the unit vector along the direction of X (i.e. EmErn = 1), we arrive at the expressions
~/~ = !~kl~ + !~ff + ~FI~,
(26.3-9)
and

(26.3-10)
in which
^, exp(--~Xl)
~,~IF(x,S) = ~-1 ~ (3&~r _ ~k,r)Jr(X,s)
dV,

dx,~r

= (~’/~) I
~-’~F(x,s)
+ ek,m,p

4~1~3

- 6k, r)J~(x,s)
(3-Wk~r
^ ’ exp(-glXI)
2 dV
4:rlXI

f

~, ^ , exp(-~lXI) dV
’
4:rIXI2

,..,’mKp(X,s)
dx,~9r

+ ~e.k,m,p

(26.3-11)

-^ , exp(@lXI) dV
~mKp(x,s)
[
’
,~x,~r
4:rlXI

(26.3-12)

(26.3-13)
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and

^,
exp(-~[X[)
~D~(3~j~,- Oj,p)Kp(X ,s) 4zdXi3

I?tjNF(x,s
= ) ~_1~x’ ,..-

~x

dV,

(26.3-14)

^ , exp(-PlXl) dV

DjIF(x,s) = (~)]~) ,~Dr(3~j.~,~p - ~}j,p)Kp(X,s) 4~rlXI2

-- EJ’n’r
.~,"’nJ;(xt,
s)
~
,~ Ix’~

4~rlXI2

dV,

(26.3-15)

I?ljFF(x,s) = ~ I (Ej~’p - 6j,p)~p(X’,S) exp(-~lX]) dV
d x, ~o~
4~rlXI
exp(-?3lXI) dV.
(26.3-16)
a x’~o~
4~rlXI
Equations (26.3-9)-(26.3-16) yield the complex frequency-domain electric and magnetic field
strength constituents of the electromagnetic field radiated by distributed volume sources of
bounded extent in a homogeneous, isotropic medium. In Section 26.9 the expressions will be
used to calculate the electromagnetic field radiated by a wire segment of a current-carrying,
conducting wire. In Section 26.10 the expressions will be used to calculate the electromagnetic
field radiated by a small current-carrying, conducting loop. The relevant results find application
in the interference analysis of a device, equipment or system in relation to their ElectroMagnetic
Compatibility (EMC) (see Chapter 30). Note that the volume source electric currents give no
contribution to the magnetic near field, while the volume source magnetic currents give no
contribution to the electric near field.
-- ~j,n,r I ~n,~r(X;S)

Exercises
Exercise 26.3-1

Employ three-dimensional spatial Fourier-transformation methods to construct the solution of
the electromagnetic vector Helmholtz equation
(26.3-17)
that shows an exponential decay as Ixl~oo when Re(s) > 0. In Equation (26.3-17), ~) = (~)1/2,
and ~/~ differs from zero in a bounded subdomain ~DT of R3 only.
(a) Determine the equation that results upon Fourier transforming Equation (26.3-17)
according to
8k, m,p~m(Sp,n,r~n~Pr) + ,~ 2fi’k = 0_&

l~k(jk, s) : [ exp(jksxs)~’(x,s) dV.
(b) Rewrite the result by using the identity Ek, m,pEp,n,r = 6k, ndtn,r - 6k,rOm,n.
(C) Derive an expression for krff"~ from the resulting equation.

(26.3-18)
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(d) Use the expression obtained under (c) to solve for/~k.
(e) Transform the expression for/~k back to the complex frequency-domain configuration
space.
(t) Write the result as
i~k(X,S) =I ~kr(X-x~,S)~r(X’,s)dV
j x, ~Dr ’

(26.3-19)

and determine ~k,r"
Answers:
(a) -gk, m,pEp,n,rkmknff’r + ~ 21~k :
(b) -kkkr~r + kmkm~k + ~ 2tk = Q-k;
(C) kr~r = ~-2krO_.r;

(d) Pk = 6ta- + 9-2kkkrO.r , with 6 = (kinkm + ~ 2 )-1;
(e) See Equation (26.3-19), with
(f) dk,r= (~k,r- )3-2OkOr)d,
in which (~(x,s) = exp(-Plxl)/4~rlxl for Ixl ~ 0.

(26.3-20)

26.4 The time-domain source-type representations for the electric and the
magnetic field strengths in a Iossless medium
In this section we investigate the case where the homogeneous, isotropic medium in which the
sources radiate, is, in addition, lossless. Then we have 6 = 0, £ = e and fi =/z where e and/z are
real positive constants independent of s. Consequently,
~1 = se,
~ = s~,

(26.4-1)
(26.4-2)

and
~ = s/c,

(26.4-3)
(26.4-4)

In view of Equation (26.4-3) we now have
~(x,s) = exp(-slxl/c)/4Mxl for Ixl ~ 0.

(26.4-5)

Owing to the simple way in which the Laplace-transform parameter s occurs in the complex
frequency-domain field expressions, the latter’s inversion back to the time domain can now be
carried out with the aid of some elementary rules. The time-domain equivalents of Equations
(26.3-1) and (26.3-2) contain the time-differentiated and the time-integrated forms of the source
vector potentials. For the latter we employ the notation
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{It~/ ,Itq)?}(x,t) =

’--to

dt’, ~?(x,t’) dt ,
d f--t0

(26.4-6)

where to is the instant at which the sources have been switched on. Equation (B.l-19) and
Equations (26.3-1) and (26.3-2) lead to
-/u~tqb~ + e-l ~k~rltqg/ - ek, rn,p~m qbpK= ;~ ~t)Ek(x,t)

(26.4-7)

and
--~.~tqb? + ltl-l~jOpIt~; + ~,n,rOnCD/ = Xq.(t)Hj(x,t) ,

(26.4-8)

respectively. Here, Zq.(t) = {0,½,1 } for t~ { cr, bT, q-’} is the characteristic function of the time
interval ’T = {t~; t > to}. Since the results only differ from zero in the time interval that
succeeds the instant at which the sources have been switched on, Equations (26.4-7) and
(26.4-8) satisfy the condition of causality. Furthermore, using the rule that the product of two
functions in the complex frequency domain corresponds to a convolution in the time domain,
the time-domain equivalents of Equations (26.3-3) and (26.3-4) follow as
@,t) = It,~ ~t’ d x~ [’ ~rG(X- X"t- t’)Jl~(x"t’) dV

(26.4-9)

and
ql~K(x’t) = [a t’~ q~dt’ Ix ~ a)rG(x- x’t- t’)Kj(x;t’) dV ’

(26.4-10)

respectively, in which, by inversion of Equation (26.4-5),
G(x,t) = c~(t - Ixl/c)/4~rlxl for Ixl ~ 0.

(26.4-11)

In view of the sifting property of the Dirac delta function in Equation (26.4-11), Equations
(26.4-9) and (26.4-10) can be rewritten as

@,0 =Ix

4(x;t- Ix- x’llc) dV
~ ~T 4~rlx - x’l

(26.4-12)

and
~K(x,t):Ix~ D~Kflx’t-lx-x’l/c) 4~rlx - x’l dV

,

(26.4-13)

respectively. Expressions of the type of Equations (26.4-12) and (26.4-13) are known as
retarded potentials: the time argument in the integrands over the spatial supports of the source
distributions is delayed by the travel time Ix- x’l/c that the electromagnetic wave needs to
traverse the distance from the source point x’ to the observation point x with the speed c. From
this, it follows that c is the speed (electromagnetic wave speed) by which electromagnetic
disturbances travel from the point where they originate to the point where they are observed
(Figure 26.4-1). In the simple medium under consideration this wave speed is expressed in the
constitutive parameters through Equation (26.4-4). In vacuum this wave speed is co =
299792458 m/s (exactly).
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i(3)

i(2)
i(1)
Fi~jure 26.4-| Time-domain source-type integral representations for the electromagnetic field
{ Er,Hp } observed at position x~X,3,. radiated, by sources {J/~ ,K.:t } at position x~Dr (bounded source domain)
¯m
an unbounded homogeneous, ~sotroplc, lossless medium with electromagnetic constitutive parameters
{~,/~} and wavespeed c = (~/~)-½.

As to the evaluation of the expressions occurring in Equations (26.4-7)-(26.4-10) the same
remarks as in Section 26.3 apply. Here, too, it is, in case numerical evaluations are necessary,
advantageous to carry out the differentiations in Equations (26.4-7) and (26.4-8) with respect
to the spatial coordinates analytically. As in Section 26.3 this leads to expressions that can be
arranged according to their behaviour as a function of distance between source point and
observation point, and in the time domain, too, the notions of near-field, intermediate-field and
far-field contributions apply. The simplest way to arrive at the relevant expressions is to use
Equations (26.4-1)-(26.4-3) in the complex frequency-domain expressions that are given by
Equations (26.3-11)-(26.3-16) and apply the elementary rules of the inverse time Laplace
transformation that have been employed earlier in this section. Upon writing
E/~= E~NF + E~F + EFF,t:
(26.4-14)
and
(26.4-15)

/-~ =/-~NF +/-~IF + HjFF,

and using again the notations
X= x -x’

(26.4-16)
T
3
for the position vector from a source point x’~D to the observation point x~X. and
=~m = Xm/IXI for IXI ~ 0
for the unit vector along Xm, we obtain in this way
E~F(x,t) = ~-I [ (3~r-~k,r)
d x" ~D~ .

(26.4-17)

ItJr(X~ t - IXI/C)dv

4ztlXI3

’

(26.4-18)
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(26.4-19)

4~IXI

,#x’~"
+ c-l~’m’P ’~d

~=

~= OtK~""t- I=liC)dv’

(26.4-20)

and

~(x,t) =#-1 ~x,egr(3Ej=~ _ 6j,p) ItKp(X;t-4.IXI31XIIC)dv ,

(26.4-21)

Ko(x’,t- IXllc)

[-~IF(x’t) -- (/xc)-a,Ixl’e9r(3~j=’’p - 6j,p) t" 4zdXI2 dV

- ~,n,, [ .% Jr(X;’-IXli~)aV’

(26.4-22)

4z~lXI
- c-l~j,n,r

~x

atJrT (X" t - IXliC)dv "

4~IXi

,eDen

(26.4-23)

Note that in the near-field expressions the time-integr ated pulse shapes of the source current
densities occur, in the intermediate-field expressions the pulse shapes of the source current
densitiesthemselves,andinthefar-fieldexpr essionstheir time-differ entiatedpulseshapes.

Exercises

Exercise 26.4-1

The problem of Exercise 26.3-1 is reconsidered for the case where 77 = s/c. Determine the
time-domain result that follows from Equations (26.3-19) and (26.3-20).
Answer:

Fk(x,O =

~x

Qk(x’,t- Ix - x’llC) dv

,~T 4zdx - x’l
(26.4-24)
J x’ea)

-

where It~Q~ is the twice time-integrated pulse shape of Q#~.
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26.5 The Green’s function of the dissipative scalar wave equation
The wave equation that corresponds to the complex frequency-domain scalar Helrnholtz
equation (see Equation (26.2-4))
(26.5-1)

(~rn~m _ ~ 2)(~ = --(~(X),

with
)3 = -1
c [(s + a)(s

,

(26.5-2)

in which c is a real, positive constant and a and/3 are real, non-negative constants, will be
denoted as the dissipative scalar wave equation for point-source excitation. It obviously applies
to a medium with conductive electric and linear hysteresis magnetic losses (for which case
a = a/e,/3 = F//u, c = (ekt)-V2), but also occurs in other branches of mathematical physics. With
the aid of some standard rules of the time Laplace transformation the time-domain equivalent
of Equation (26.5-1), i.e. the dissipative wave equation with point-source excitation, is found
as

~rn~raG - c-2(~t + a)(~t +/3)G = --b(x,t) ,

(26.5-3)

or
~mOmG--2
C2Ot

G- [(a +/3)/c2] ~tG - (a/3/c2)G =-6(x,t).

(26.5-4)

The solution G = G(x,t) of this equation is denoted as the Green’s function of the dissipative
wave equation. The ranges of the parameter values in the dissipative wave equation are:
0 < c < oo, a ~< 0 < oo, /3 ~ 0 < ~. From the results it will be clear that c is the wave speed; a and
/3 are denoted as relaxation parameters.
The solution of Equation (26.5-1) is still given by (see Equation (26.2-10))
~ = exp(-~lxl)/4~rlxl for Ixl ~: 0.
(26.5-5)
The time-domain equivalent G = G(x,t) of ~ = ~(x,s) as given by Equation (26.5-5) will be
determined by first determining the time-domain equivalent of the function
= l)o(a fl,T,s)

exp(-~cT) exp {- [(s + a)(s + fl)]l/2T}
=
.

(26.5-6)

[(s + a)(s
The latter is done by evaluating the Bromwich inversion integral
Uo(afl,T,t) =~-j [ exp(st)Oo(afl,T,s) ds ,
d s~Br

(26.5-7)

where Br = {s~C; Re(s) = so} is the Bromwich path, in which, in view of the condition of
causality, so is chosen so large that ~0 is analytic in the half-plane {s~C; Re(s) > so} to the right
of Br. As we will evaluate the integral on the right-hand side of Equation (26.5-7) by closing
the contour to the left, it is necessary to identify the singularities of the integrand in the
half-plane {s~C; Re(s) < so} to the left of Br. As such we encounter the branch points s = -a
and s = -fl on the negative real s axis, which are associated with the square-root expression.
The corresponding branch cuts are chosen such that Re(s + a)~A ~> 0 and Re(s +/3)~A >~ 0 for all
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s~C, i.e. they run along {s~-C; --~ < Re(s) <-a, Im(s) = 0} and {s~C; -~ < Re(s) <-fl, Im(s) =
0 }, respectively, i.e. along the negative real s axis from the pertaining branch points to infinity
(Figure 26.5-1). For the product [(s + a)(s + fl)]~A this implies that only a branch cut remains
along {s~.C; -max(a,fl)<Re(s)<-rnin(a,fl),Im(s) = 0}, i.e. along the finite portion of the
negative real s axis between the two branch points. In accordance with this choice of the branch
cuts we have the asymptotic relationship
[(s + a)(s + fl)]vl = s + O(1) as Isl~**,
(26.5-8)
uniformly in arg(s). On account of this relation, Jordan’s lemma can be used to supplement the
Bromwich contour with a semi-circle to the right for t < T and with a semi-circle to the left for
t > T. (The contribution from both semi-circles then vanishes in the limit Isl~,.) Now, in view
of Cauchy’s theorem, the integration along the resulting closed contour yields the value zero
for t < T, while for t > T the resulting integral is replaced by theone that is contracted along the
branch cut (Figure 26.5-2).
In the latter integral, the variable of integration s is replaced by ~ according to
s=-(a+fl)/2+(lfl-al/2)cos(~)
through which

with 0~<~<2~,

(26.5-9)

ds =-(I/~ - all2) sin(g0 d~p

(26.5-10)

and, with the given definition of the square root,
[(s + a)(s + fl)]~A = j(lfl- al/2) sin(~p).

(26.5-11)

Using this in Equations (26.5-6) and (26.5-7), we arrive at
Uo(afl, T,t) = exp{- [(a + fl)/2]t}
exp{(lfl-al/2) [t cos0p) -jT sin(~p)] } d~p

for t > T.

(26.5-12)

Im(s)

Re(s)

l:igure 26.5-1 Bromwich contour in the complex s plane, and branch cuts, for the evaluation of the
Green’s function of the dissipative wave equation with relaxation parameters a and ft.
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Im(s)

Figure 26.5-2 Contour around the branch cut of [(s + a)(s + fl)]½ for the evaluation of the Green’s
function of the dissipative wave equation with relaxations parameters a and ft.

ToreducetheintegrMonthefight-handsidetoarecognizableform, wein~oducetheparameter
~through
cosh(r) -

t
(t2 - T2) ½

for T< t < oo,

(26.5-13)

which relation maps the interval T< t < oo onto 0 < r < oo. Equation (26.5-13) implies that

sinh(r) -

T

(3 - T2)½

for T< t< oo,

(26.5-14)

and, hence,
t cos0p) - jT sin0p) = (t2 - T2) ½ cos0p + jr).

(26.5-15)

The resulting integrand is continued analytically into the complex ~p plane away from the real
interval 0 ~<~p < 2:r during which continuation it remains analytic and periodic in ~p with period
2at. Upon introducing
X= (l~-all2)(t2- T2)½ for T<t<oo,

(26.5-16)

next shifting the path of integration from ~ = 0 to ~/, = 2:r, to ~p = -jr to ~/, = -jr + 2.7r, which is
permitted in view of the periodicity of the integrand and Cauchy’s theorem, and subsequently
putting ~p = -j’~ + 0 with 0,<0 <2:r, we have
=0 exp[X cos(~p + jr) ] d~/, = ~ exp[X cos(0) ] dO = I0(X),

(26.5-17 )

where I0 is the modified Bessel function of the first kind and order zero (see, Abramowitz and
Stegun 1964a). Collecting the results, we end up with

Electromagnetic radiation in an unbounded, homogeneous, isotropic medium 737
Uo(a~B,T,t) = exp {- [(a + fl)/2]t}Io[(lfl-all2)(t2- T2)’/2]H(t- T) , (26.5-18)
where H denotes the Heaviside unit step function. Figure 26.5-3 shows U0 as a function of
t/Tfor different values of aT and fiT. Since I0(0) = 1, the initial value Uo(a,fl,T,t) of U0 is found
to be
(26.5-19)

Uo(afl, T,t) = exp{- [(a + fl)/2]T},
while asymptotically
Uo(a,[3,T,O ~ [2~(lfl-al/2)t]-V2 exp[-min(a,fl)t]

as t---~,.

(26.5-20)

When fl = a, as I0(0) = 1 we have
Uo(a,a,T,t) = exp(--at)H(t - T).

(26.5-21)

Now that U0 has been determined, we return to the evaluation of G, for which ~ is given by
Equation (26.5-5). To this end, we first observe that
1

~lxl = [(s + a)(s + ~)]’/Zlxl/c.

(26.5-22)

Now, differentiation of Equation (26.5-6) with respect to T yields
--~7.0o(a,~,T,s) =exp {- [(s +a)(s + fl)]½T}

(26.5-23)

and, hence,
(26.5-24)

exp(-~91xl) = [-3TOO(a,fl, T,s)] T=lxl/c "
relaxation parameter: aT = 1
1.0
0,8 ..................................... [ ...................................... i ......................................~ ......................................, .....................................

0.2 r ...............

0

......... :,...... ~.,. .................................
i ......................................
i ................................ ~ ............................

",. ,,

2

~

4

~.

6

8

10

time (t) / traveltime (T) ~
Figure 26.5-3 The wave function Uo = Uo(a,fl,T,t) as a function of normalised time t/T, with aT and
):
flTas normalised relaxation parameters. (~): aT= 1.0, fiT= 0.0; (- - -): aT= 1.0, fiT= 0.5; ( .....
aT = 1.0, fiT = 1.0.
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Upon introducing
ff] l ( a,/3,T,s) = --C3T~]O( a,/3,T,s) = ~C~lO( a,/3 ,T,s)

(26.5-25)

and, correspondingly,
Ul (a,/3,T,t) = --OT Uo(a,/3,T,t) ,

(26.5-26)

the expression for ~ can be written as
~ = ~]l(a’/3’lxl/c’s)
4~rlxl

for [xl ~ O.

(26.5-27)

Hence,
Ul (a,/3,1xl/c,t)
for Ixl ~ o.
(26.5-28)
4~rlxl
Carrying out the differentiation with respect to T in Equation (26.5-18), U1 is found as

G-

Ul(a,/3,T,t) = exp{- [(a + fl)/2]T}5(t - T) + exp{- [(a + fl)/2]t}
"-q ~ 11 [0/3-al/2)(t2 _ T2) ~’2] H(t- T),
(I/3(F --- al/2)T

(26.5-29)

in which 5(t - T) is the Dirac distribution operative at t = T, and
1I(X) = ~xIo(X)

(26.5-30)
is the modified Bessel function of the first kind and order one (see, Abramowitz and Stegun
1964b).
For the special case/3 = a we have
Ul(a,a,T,t) = exp(-aT)6(t - T).

(26.5-31)

As compared with the lossless case, for which

Ul(O,O, lxl/c,t) 5(t- Ixl/c)

for Ixl ~ 0,
(26.5-32)
4~rlxl
4~rlxl
the first term on the right-hand side of Equation (26.5-29) is an attenuated delta pulse to the
attenuation of which both relaxation parameters a and/3 contribute in an equal manner, while
the second term represents a tail that is absent in the lossless case and that yields an asymptotic
contribution
G-

Ul(a,/3,T,t) ~ (I/3-alT/2)[2zr(l/3-al/2)t3]-1/2 exp[-min(a,fl)t] as t~oo, (26.5-33)

to the asymptotic decay of which only min(a,/3), i.e. the smaller of the two relaxation
parameters, contributes and which has an amplitude decay proportional to t-3/2.
The results of this section will be used to determine the time-domain source-type integral
representations for the electric and the magnetic field strengths in a medium with conductive
electric and linear hysteresis magnetic losses. In the relevant expressions we also need the
first-and second-order spatial derivatives of G = G(a,/3,1xl/c,t), and hence of U1 =
Ul(a,/3,1xl/c,t). For the derivatives of the latter, denoting Ixl/c by T, we employ the notation
U2(a,fl,T,t) = -~TUI(a,/3,T,t)

(26.5-34)
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and
(26.5-35)
U3( a,[3,T,t) = -COTU2( a,[3 ,T,t).
Although these derivatives can be expressed in terms of higher-order modified Bessel functions
of the first kind, the expressions become somewhat complicated, while they are probably not
the most efficient ones for their numerical evaluation. As far as the latter aspect is concerned,
the integral representation Equation (26.5-12) that we started with seems a more promising
point of departure. This will be briefly discussed at the end of this section.
By straightforward differentiation of Equation (26.5-27) the spatial derivatives of G needed
in our further analysis are obtained as
b~nG(x,t) = 1 (_ U1 U2.1Xm for Ixl ~ 0
4~,, Ixl2 clxl) Ixl
and

(26.5-36)

for Ixl ~ 0.

(26.5-37)

These results will be used in Section 26.6.

Numerical evaluation of the Green’s function and its derivatives
For the computation of the Green’s function and its derivatives the integral representation
Equation (26.5-12) for U0 can profitably be taken as the point of departure. First of all, it is
observed that
(26.5-38)
Uo(a,fl,T,t) = Uo(/3,a,T,t) ,
so that, as far as the parameters a and fl are concerned, the range of computed values can be
restricted to, for example,/5 ~> a. Next, we shall show that
UO(a,fl,T,T) = exp{ -[(a + fl)/2lT}.

(26.5-39)

To this end, it is observed that, in view of the analyticity of the integrand in the complex ~p plane
and its periodicity in ~p with period Z,r, we have
exp[(lfl-al/2)T exp(-j~2)] d~p
1 f -jr+Z~
= lirnr__~ ~ ~ ~=-j~ exp[(lfl - al/2)r exp(-j~p)] d~
1
= lirn~__~ ~ ’=0 exp[(l~-al/2)Texp(-r-j~p’)]
= 1,

(26.5-40)
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by which Equation (26.5-38) follows. For t > T, Equation (26.5-12) is, by subdividing the range
of integration into four parts of at/2 each, rewritten as
Uo(a,fl,t,T) =~

[exp{-(fl/2)t[1 - cos(g))] - (al2)t[1 + cos(g))]}

+ exp {-(fl/2)t[ 1 + cos(~p)] - (a/2)t[ 1 - cosOp)] } ] cos[Off - al/2)T sinOp)] d~p, (26.5-41)
in which we have taken care that all exponential functions have non-positive arguments to avoid
the loss of significant figures. It is noted that Equation (26.5-41) shows the symmetry in a and
ft. Equation (26.5-41) is suitable for numerical evaluation with the aid of any standard
integration rule (for example, the trapezoidal rule). The corresponding representations for U1,
U2 and U3 directly follow from Equation (26.5-41) by differentiation with respect to T (see
Equations (26.5-26), (26.5-34) and (26.5-35)).

Exercises

Exercise 26.5-1
What is the complex frequency-domain equivalent of U2 = U:~(a,fl,T,t) as given by Equation
(26.5-34)?
Answer:
ffJ2(ct,fl,Z,s) = (~c)2ffJo(ot,fl,Z,s) = ~c exp(-~cT).

Exercise 26,5-2

What is the complex frequency-domain equivalent of U3 = U3(a,fl,T,t) as given by Equation
(26.5-35)?
Answer:
~]3(oLfl,Z,s) = (~c)3~JO(O~,fl,Z,s) = ()~c)2 exp(-~cT).

:26.6 Time-domain source-type integral representations tar the electric and
the magnetic field strengths in a medium with conductive e~ectric and linear
hysteresis magnetic losses
In this section we investigate the case where the homogeneous, isotropic medium in which the
sources radiate has conductive electric and linear hysteresis magnetic losses. Then, we have
~ = (s + a)e,

(26.6-1)

~ = (s + fl)/~,

(26.6-2)
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f= [(s +B(s +&]½/c,

(26.6-3)

with
(26.6-4)
in which e, # and c are real positive constants, and a, F, a and fl are real, non-negative constants.
In view of Equation (26.6-3) we now have
O(x,s) = exp{-[(s + a)(s + fl)]~z Ix[/c} for Ixl ~ 0.

(26.6-5)

With the aid of the expressions derived in Section 26.5, Equation (26.6-5) leads to the
time-domain result (see Equation (26.5-28))

G(x,t) =Ul(a’fl’lxl/c’t)
4arlxl

for Ixl ~ 0,

(26.6-6)

in which U1 is given by Equation (26.5-29). Applying standard rules of the time Laplace
transformation, the time-domain expressions for the electric and the magnetic field strengths
are obtained from Equations (26.3-1)-(26.3-6). In the result we use the property that the factor
s + a corresponds to the operation 3t + a and the factor (s + a) 1 corresponds to the operation
of time convolution with the function exp(-at)H(t). For these operations we employ the
notation
(26.6-7)
O~ { Jr,Kp } (X,t) = (O t + a ) { Jr,Kp } (X,t)
and
I~{Jr,Kp}(x,t) =

exp(-at’){Jr,Kp}(x,t- t’) dt H(t) .

(26.6-8)

’=0

With this, we obtain (see Equations (26.3-1) and (26.3-2))
K
__~p ¢~ + e-llta~k~r~/ -- ek, m,p~m¢~ = z~OEk(X,O

(26.6-9)

and
(26.6-10)
in which (see Equations (26.3-3) and (26.3-4))
G(x - x; t - t’)Jk(x’, t’)dV

(26.6-11)

and
(26.6-12)
dt’~T

~.Dr

As to the evaluation of the expressions occurring in Equations (26.6-9)-(26.6-12), the same
remarks as in Section 26.4 apply. Here, too, it is, in case numerical evaluations are necessary,
advantageous to carry out the differentiations with respect to the spatial coordinates analytically.
This again leads to expressions that can be arranged according to their behaviour as a function
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of the distance from the source point to an observation point, and in the present case as well,
the notions of near-field, intermediate-field and far-field contributions apply. The easiest way
to arrive at the pertaining expressions is to transform Equations (26.3-9)-(26.3-12) back to the
time domain with the aid of the results of Section 26.5. Again writing
Ek = E~NF + E~IF + E~F

(26.6-13)

and
(26.6-14)
this procedure leads to

Ul(a’fl’lxl/c’t- t’) dV , (26.6-15)
4arlXI3

EkNF(x,t)=e-llta
f , dt" I (3~k~r-~kr)Jr(X’,t’)
~t t ~T d x’~Dr
’

t )dV
U2(a’fl’lxl/c’t-’
= (ec)-llta I dt’f
E~F(x’t)
r(3~k~r- ~k,r)Jr(X; t’)
dt’~T e x,~D
4nlXI2
Ul(a,fl, lxl/c,t ’

+ gk, m,p [ dt’ I ~mKp(x;t’)
-t)dV
dt’~T Jx’~9r
4zrlXI2

(26.6-16)

’

E~F(x’t) = lzOf I dt’ I (~r- dk, r)Jr(x’,t’) Ul(a’fl’lxl/c’t- t’) dV
at’~T ,/x’~~
4z~IXI
+ c-l~k,m,P I dt’ Ix,~Dr~mKp(X’,t’)
d t" ~T
4zdXI

Uz(afl’lxl/c’t- t’)

(26.6-17)

and
(26.6-18)
dt’f (3~jEp-6j,p)Kp(X:t’) Ul(a’fl’lx[/c’t-t’)dV,
a t’~r ,,x’~r
4:rlXI3
I-IjIF(x,t) : (#c)-llf

f

=.z" _

dt’

,~ t’~T

Ix

, , U~(a,fl, lxl/c,t- t’) dV

,~r(3~j--p 6j,p)Kp(X,t

)

4z~IXI2

-- C ~j,n,r dt’
-nJr(X
d t’~T J x’~Dr

, t’)

4z~lXIa
’

U2(a,fl, lxl/c,t- t’) dV.

(26.6-19)

(26.6-20)

4~rlXI

Here,
X=

(26.6-21)
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{ Er,Hp}

i(2)
i(1)
Figure 96.6-1 Time-domain source-type integral representations for the electromagnetic field
{Er,Ht,} observed at position xe~3, radiated by source distributions {Jk,/~} at position xe~D:c (bounded
source domain) in an unbounded, homogeneous, isotropic medium with conductive electric and linear
magnetic hysteresis losses (electromagnetic constitutive parameters { e,/z,a = o’/e, fl = !’//z }).

is the position vector from the source point g,’~ff)T to the observation point x~gL3 and
"~ - Xm/IXl for IXI * 0

(26.6-22)

is the unit vector along Xm (Figure 26.6-1).
With this the time-domain expressions for the electric and magnetic field strengths radiated
by sources in a homogeneous, isotropic medium with conductive electric and linear hysteresis
magnetic losses have been completed.

26.7 The Green’s function of the scalar wave equation associated with
plasma oscillations and superconductivity
The wave equation that corresponds to the complex frequency-domain scalar Helmholtz
equation (see Equation (26.2-4))
(~m~ra -- ~t 2)~ = --0QC),

(26.7-1)

with
)3 = c-1(S2+ 2,~’2
09p) ,

(26.7-2)

in which c is a real, positive constant (the wave speed) and COp is a real, non-negative constant
(the plasma angular frequency), will be denoted as the wave equation associated with plasma
oscillations and superconductivity, for point-source excitation. It applies to the medium that
consists of a collisionless electron plasma in a vacuum background (to which category also the
superconducting metal belongs). For this case, c = co = (eOPO)Wz and Wp = COpe, where cope is
the electron plasma angular frequency. With the aid of some standard rules of the time Laplace

744

Electromagnetic waves

transformation the time-domain equivalent of Equation (26.7-1), i.e. the wave equation
associated with plasma oscillations and superconductivity, with point-source excitation, is
found as
~mbmG - c-2(~t2 + Ogp2)G = -6(X,t),

(26.7-3)

Om~mG - c-2~t2G - (Ogp2]c2)G =

(26.7-4)

or

The solution G = G(x,t) of this equation is denoted as the Green’s function of the wave equation
associated with plasma oscillations and superconductivity. The ranges of the parameter values
in the relevant wave equation are: 0 < c < oo and 0
The solution of Equation (26.7-1) is still given by (see Equation (26.2-10))
~ = exp(-~lxl)/4zclxl for Ixl ~: 0.
(26.7-5)
The time-domain equivalent G = G(x,t) of d = d(x,s) as given by Equation (26.7-5) will be
determined by first determining the time-domain equivalent of the function
1~,0 = ~0(cop,T,s) = exp(-~cT), exp [-(s2 + o9~)1/2T]

(s2 + ’

(26.7-6)

The latter is done by evaluating the Bromwich inversion integral
Wo(°)P’T’t) =---~J f s~Br exp(st)ffVo(°)P’T’s) ds ’

(26.7-7)

where Br = {s~C; Re(s) = so} is the Bromwich path, in which, in view of the condition of
causality, so is chosen so large that if0 is analytic in the half-plane {s~; Re(s) > so} to the right
of Br. As we shall evaluate the integral on the right-hand side of Equation (26.7-7) by closing
the contour to the left, it is necessary to identify the singularities of the integrand in the
half-plane {s~C; Re(s) < so} to the left of Br. As such we encounter the branch points
s =-jOgp and s =j~Op on the imaginary s axis, which are associated with the square-root
expression. The corresponding branch cut is chosen such that Re(s2 + o9~)½ >~ 0 for all s~C, i.e.
it runs along {s~; Re(s) = 0, -Ogp < Im(s) < ~0p} i.e. along the imaginary s axis in between the
pertaining branch points (Figure 26.7-1).
In accordance with this choice of the branch cut we have the asymptotic relationship
(s2 + Ogp2 )½ = s + O(s-1) as Isl~oo,
(26.7-8)
uniformly in arg(s). On account of this relation, Jordan’s lemma can be used to supplement the
Bromwich contour with a semi-circle to the right for t < T and with a semi-circle to the left for
t > T. (The contribution from both semi-circles then vanishes in the limit Isl~oo.) Now, in view
of Cauchy’s theorem, the integration along the resulting closed contour yields the value zero
for t < Twhile for t > T the resulting integral is replaced by the one that is contracted along the
branch cut (Figure 26.7-2).
In the latter integral, the variable of integration s is replaced by ~p according to
s = -jo~p cos(~p) with 0 ~< ~p < 2z~,
through which

(26.7-9)
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Ira(s)
j~Op

Figure 26.7-1 Bromwich contour in the complex s plane, and branch cuts, for the evaluation of the
Green’s function of the wave equation associated with plasma oscillations and superconductivity, with
plasma angular frequency

(26.7-10)

ds = jcop sin(~p) d~p,
and, with the given definition of the square root,
2,1/2
(s2 + COp) - COp sin(~p).

(26.7-11)

Using this in Equations (26.7-6) and (26.7-7), we arrive at
1 exp{-jCOp[t cos(~p) -iT sin(~p)] }
Wo(COP’T’t) =-~ =0

for t>T.

(26.7-12)

To reduce the integral on the right-hand side to a recognizable form, we introduce the parameter
through
t
cosh(r) = (t2 _ T2)1/2 for T < t < ~,

(26.7-13)

which relation maps the interval T< t < ,,~ onto 0 < r < oo. Equation (26.7-13) implies that
sinh(z’) = T
(t2 _ T2)’/2

for T < t < oo,

(26.7-14)

and, hence,
1

t cos(~p) -jT sin(~p) = (t2 - T2) ~4cos(~P + j~:).

(26.7-15)

The resulting integrand is continued analytically into the complex ~p plane away from the real
interval 0 <~ ~p < 22 during which continuation it remains analytic and periodic in ~p with period
22. Upon introducing
(26.7-16)
X = COp(t2 - T2)1/2 for T < t < oo,
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Im(s)

Figure 26.7-2 Contour around the branch cut of (s2 + o)~)~ for the evaluation of the Green’s function
of the wave equation associated with plasma oscillations and superconductivity, with plasma angular
frequency Ogp,

next shifting the path of integration from ~p = 0 to ~p = 2.rr, to ~0 = -jr to ~p = -jr + 2.rr, which is
permitted in view of the periodicity of the integrand and Cauchy’s theorem, and subsequently
putting ~p = -jr + 0 with 0 -< 0 < 2.rr we have
12~

exp[-jX cos(g., + j~’)] d~0 =1-~

exp[-jX cos(0)] dO = J0(X)

where J0 is the Bessel function of the first kind and order zero (see Abramowitz and Stegun
1964c). Collecting the results, we end up with
WO(C°p,T,t) = Jo It°p(t2 - T2)l/2]H(t- T) ,
(26.7-18)
where H denotes the Heaviside unit step function. Figure 26.7-3 shows Wo as a function of
tiT for different values of COpT. Since J0(0) = 1, the initial value W0(cop,T,T) of W0 is found as
WO(COp,T,T) = 1,
while asymptotically
1A
Wo( cop,T,t) - (2/~rCOpt) 2COS(09p1- ~r/4)

(26.7-19)
as t--->oo.

(26.7-20)

In case Ogp = 0, we have, since J0(0) = 1,
W0(0,T,t) = H(t- T).
(26.7-21)
Now that W0 has been determined, we return to the evaluation of G, for which ~ is given by
Equation (26.7-5). To this end, we first observe that

~lxl = (S2 + (.O~)~/21xl/c.
Now, differentiation of Equation (26.7-6) with respect to T yields
-3T~O(COp, T,s) : exp[-(s2 + 4)~/ZT]

(26.7-22)
(26.7-23)
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time (t) / traveltime (T)

Figure 26.7-3 The wave function W0 = Wo(t%,T,t) as a function of normalised time tiT, with tOpT as
normalised parameter. (~): OpT= 0,5; (- - -): wpT= 1.0; ( ..... ): wpT= 2.0.

and, hence,
(26.7 -24)

exp(-Qlxl) = [--~Tff’0(Wp,T,S)]T= Ixl/c"
Upon introducing

(26.7-25)

~l(O)p,T,s) = -2 ((op,T,s) = ~cWo(~p,LS),
and, co~espondingly,

(26.7-26)

Wl(~p,T,t) = -~TWO(~p,T,O,

the expression for ~ c~ be written as
(26.7-27)

~ = Wl(%’[xl/c’s) for Ix[ ~ O.
Hence,
G=

Wl (OOp, lxllc,t)

4;rlxl

(26.7-28)

for Ixl ~ o.

Carrying out the differentiation with respect to T in Equation (26.7-18), W1 is found as

wpT [ogp(t2 T2)l/z]H(t- T)
Wl(tOp,T,t) = O(t- T) + (t2 _ T2)1/2 J1

-

(26.7-29)

’

in which 6(t - 73 is the Dirac distribution operative at t = T, and
jl(j0 = ..~xJo(X)

(26.7-30)

is the Bessel function of the first kind and order one (see Abramowitz and Stegun 1964d).
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For the special case cop = 0 we have

W~(O,T,t) = ,~(t - 73.

(26.7-31)

As compared with the case where no plasma is present and for which

Wl(O,lxl/c,O 6(t- Ixl/c)

for Ixl # 0,
(26.7-32)
4~rlxl
the first term on the right-hand side of Equation (26.7-29) yields an identical contribution, while
the second term represents a tail that is characteristic for the presence of the plasma and yields
an asymptotic contribution
Wl(cop,T,t) ~ COp(2/~rcopt3)1/2 sin(copt - ~r/4) as t---~oo,
(26.7-33)
which contribution oscillates with the plasma angular frequency and decays in amplitude
proportionally to t-3/2 as t---~oo.
The results of this section will be used to determine the time-domain source-type integral
representations for the electric and the magnetic field strengths in a medium that consists of a
collisionless plasma in a vacuum background (to which category also the superconducting metal
belongs). In the relevant expressions we also need the first-and second-order spatial derivatives
of G = G(cop, lXl/C,t), and hence of W1 = Wl(cop,lxl/c,t). For the derivatives of the latter we shall,
denoting Ixl/c by T, employ the notations
G-

-

(26.7-34)

W2(cop, T,t) = -~TW1 (cop,T,t)

and
W3(cop,T,t) = -~TW2(cop,T,t) .
(26.7-35)
By straightforward differentiation of Equation (26.7-27) the spatial derivatives of G needed
in our further analysis are obtained as
(26.7-36)

1f~W1Ixl
W21xm
2 clxlJ Ixl for Ixl # 0
3raG(x’t) =
and
3r3kG(X’t)=l[Wll3XrXk-dr’k14--~ i~-~( Ixl2
for Ixl ~ 0.

(26.7-37)

These results will be used in Section 26.8.

Numerical evaluation of the Green’s function and its derivatives
For the computation of the Green’s function and its derivatives the integral representation for
W0 following from Equation (26.7-17) can profitably be employed, i.e.
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exp [-jO~p(t2 - T2) 1/2 cos(0)] dO H(t - T).

Wo(~Op,T,t) =

(26.7-38)

This integral can be rewritten as
(26.7-39)
By straightforward differentiation with respect to T, the corresponding integral representations
for W1, Wa and W3 are obtained. The resulting integrals are suitable for numerical evaluation
with the aid of any standard integration rule (for example, the trapezoidal rule). Care must be
taken to incorporate the derivatives of the Heaviside unit step function in the expressions.

26.8 Time-domain source-type integral representations for the electric and
the magnetic field strengths in an electron plasma or a superconducting
metal
In this section we investigate the case where the homogeneous, isotropic medium in which the
sources radiate is a collisionless electron plasma in a vacuum background; also the superconducting metal belongs to this category. Then, we have
~ = se0(1 + O0~e/S2),

(26.8-1)

~ = sPo,

(26.8-2)

~ = c~l(s2 + (Op2e)l/z,

(26.8-3)

in which cO = (eolto)W2 is a positive constant (the electromagnetic wave speed in vacuum) and
COpe is a non-negative constant (the electron plasma angular frequency). In view of Equation
(26.8-3) we now have
d(x,s) - exp rL__(s2 + C°p~e)" ~,2lxl/cj7 for Ixl ~ 0.

4z~lxl

(26.8-5)

With the aid of the expressions derived in Section 26.7, Equation (26.8-5) leads to the
time-domain result (see Equation (26.7-28))
G(x,t) - Wl(C%e’lxl/’t) for Ixl ~ 0,
(26.8-6)
4z~lxl
in which W1 is given by Equation (26.7-29). Applying standard rules of the time Laplace
transformation, the time-domain expressions for the electric and the magnetic field strengths
are obtained from Equations (26.3-1)-(26.3-6). In the result we use the property that the factor
s + COp2e/S corresponds to the operation ~t + C°p~It and that the factor (s + COp2e/S)-1 corresponds
to the operation of time convolution with the function cos(COpet)H(t). For these operations we
employ the notations
Ot°)Pe { Jr,Kp } (X,t) = (~t + C°p2eIt) { Jr,Kp } (X,t) ,

and

(26.8-7)
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I[°p~ { Jr,Kp } (x,t) =

(26.8-8)

Kp } (x,t - t’) dr’.

With this, we obtain
~0 It Ok°r+Pr -

X~r(t)Ek(X,t)

,

(26.8-9)

and
o) K -1
K
J
-~O~t Pe~j + flO It~j~p~; + ~,n,r~n~r =~T(t)nj(x,t),

(26.8-10)

in which
(26.8-11)

¢/(x,t)=~ at" ~x G(x -rx; t - t’)Jl~(x; t’) d V ,
t~ T

~D

and
¢?(x,t) = I dt’ I G(x-x’,t-t’)Kj(x;t’)dV.

(26.8-12)

dt~T Jx~Dr

As to the evaluation of the expressions occurring in Equations (26.8-9)-(26.8-12), the same
remarks as in Section 26.4 apply. Here, too, it is, in case numerical evaluations are necessary,
advantageous to carry out the differentiations with respect to the spatial coordinates analytically.
This again leads to expressions that can be arranged according to their behaviour as a function
of the distance from the source point to an observation point, and in the present case as well,
the notions of near-field, intermediate-field and far-field contributions apply. Again writing
(26.8-13)
Ek= E~F + E~F + E~"F
and
(26.8-14)
this procedure leads to

=~zlIFr~ [ dr’ [ (3ZkZr-(~k,r)Jr(X~,t’)’
dt’~ d x’~9r

Wl @pe, IXl/c,t -t)dV
’
4zIXI3

(26.8-15)
’

(26.8-16)

+ c~l~.k,m,p

f

dr" ~x,+~mKp(x;t’) W2(°~P~’IXI/c’t-t’)dV,
4zlXI
at’~w

(26.8-17)
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and
~n~(x,O

(26.8-18)

4zIN3

=/’t0-1It ’~

/-~IF(x,t) = (at/0C0)-lI,
~
-- ~,n,r ~

dt’ ,~gr(3Zj.~,~p - 6j,p)gp(x;t’)

~x

a,’ ~

W2(o~p,,lX1/c,t - t’) dV
4z~lXI2

~’nJr(x
’ Wl(°~pe’lXI/c’tt’) dV
’
, t’)
’
4:rlXI2

(26.8-19)

Jt ~’- J~’~ ’~¢~

-1 ~t dr’ I EnJr(x’,t’) W2(Wpe’lYO/c’t- t’) dV.
- co t?J’n’r ’~T ,Jx’~r
4:rlXI

(26.8-20)

Here,
(26.8-21)

X= x - x’

is the position vector from the source point x’~DT to the observation point x~R3 and
~ - Xm/IXI

~’-’m

for IXI ~ 0 ’

(26.8-22)

is the unit vector along Xm (Figure 26.8-1).

i(3)

~(2)
i(l)
I:ioul’e 26.1~-1 Time-domain source-type integral representations for the electromagnetic field
{Er,Hp} observed at position x~3, radiated by source distributions {J/v/~} at position x~Dr (bounded
source domain) in an unbounded, homogeneous, isotropic electron plasma or a superconducting metal,
with electron plasma angular frequency Wpe.
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With this the time-domain expressions for the electric and magnetic field strengths radiated
by sources in a homogeneous, isotropic collisionless plasma in a vacuum background (or a
superconducting metal) have been completed.

26.9 The electromagnetic field emitted by a shoff segment of a thin,
conducting, current-carrying wire
In this section we calculate the electric and the magnetic field strengths of the electromagnetic
field emitted by a short segment of a thin, conducting, current-carrying wire. First of all,
conducting wires are only capable of carrying electric volume currents and carry no magnetic
volume currents. Consequently, Kj = 0 and, hence, ~jK = 0. Furthermore, in the thin-wire
approximation, we replace the actual volume distribution of electric current by a wire current
concentrated at the centre wire of the conductor, the wire current having the direction of the
local tangent to the wire segment (Figure 26.9-1).

Complex frequency-domain electromagnetic field expressions
Let I = I(x,s) denote the complex frequency-domain magnitude of the electric wire current and
let dx/~ be the vectorial wire element of the centre wire L of the conducting wire, then for points
not too close to the wire we have (see Equation (26.3-3))

:

(26.9-1)

The expressions of Equations (26.3-1) and (26.3-2) for the electric and the magnetic field
strengths reduce in the present case to
(26.9-2)

J~k’--~b~ + ~-l~k~r~b/ ,

and
I21j = ej,n,rOn~/ .

(26.9-3)

For a short segment of a conducting wire centred around the point x’= b (for example, its
barycentre), carrying a uniform current i = ](s), and for points not too close to the conductor,
the expression for 03~J can be approximated by
c~ = ~L~c exp(-~lXI)/4zdXI ,

(26.9-4)

where L/~ is the vectorial length of the wire segment and
X=x-b

(26.9-5)

is the position vector from the reference point around which the wire segment is centred to the
point of observation (Figure 26.9-2). Substitution of Equation (26.9-4) in Equations (26.9-2)
and (26.9-3) leads to expressions for /~/~ and /~j that can be written as (see Equations
(26.3-9)-(26.3-16))
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{ Er,Hp}

o

i(2)
i(1)
[:igtire 26.9- | Electromagnetic radiation from a segment of a conducting, current-carrying wire L. I
= I(x,t) is the electric current in the wire.
(26.9-6)

k,

and
(26.9-7)
where the elec~c ne~-field con~bution is given by

3
~(X,s) = ~-l (3ZkZr- ~k,r)i(s)Lexp(-fIXI)
r ~XI ,
the elec~ic inte~e~ate-field contribution by
, exp(-91~)
~(x,s) = (~/O)(3EkZr- Ok, r)I(s)Lr" ~ ,
the elec~c f~-field contribution by
~
exp(-QIXI)

= ¢ (Z Zr- 6 ,r)hs)Lr

,

(26.9-8)

(26.9-9)

(26.9-10)

4~1~
the magnetic interme~ate-field contribution by
~IF (X,S) = --~,n ,r~n~ (s)Zr ~ 4~IXI
xp(-~l 2
~) ’

and the magnetic f~-field con~bution by
e xp(-91XI)

(26.9-11)

~ (x,s) = -gei,.,rZ.i(s)Lr

(26.9-12)

~~m

(26.9-13)

4zlXI
In these expressions, X is given by Equation (26.9-5) and
Xm/IXI

is the unit vector in the direction of X. Note that there is no near-field contribution to the
magnetic field.
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i(3)

~___~

X--" ~’Hp}

i(2)
Figure 26.9-2 Electromagnetic radiation from a short segment of a conducting, current-carrying wire
£. I = I(t) is the (uniform) electric current in the wire; L is the vectorial length of the wire segment and b
is the point about which the wire segment is centred.

All expressions have the complex frequency-domain propagation factor exp(-~lXI) in
common. As far as the distance of the point of observation from the source is concerned, the
near field is proportional to (distance)-3, the intermediate field proportional to (distance))-2,
and the far field proportional to (distance)-1. Furthermore, each field constituent exhibits a
particular directional pattern in which the polar near-field and intermediate field directional
patterns 3Z/~="r - ~/~,r, the polar far-field pattern ~/~Zr - ~/~,r and the axial intermediate field and
far-field patterns --gj,n,r~n occur. The electric field is oriented in the plane through the
current-carrying conducting wire segment and the point of observation. The magnetic field is
oriented normal to the plane through the point of observation and the current-carrying
conducting wire segment.
Let 0 denote the angle included between L and X, then we have for the magnitudes of the
directional patterns (Figures 26.9-3-26.9-5)

13~k~rLr - Lkl [(3~k~rLr Zk)(3-k-r Zr - Lk)]½
= [9(~rLr)2_3(~kLk)2 3(~rLr)
_
2 + ’kLL]
’k ½
= [3(~rLr)2

+ LkLk]½

= [3ILl2 cos2(0) + ILl2]½
= ILl[3 cos2(0) + 1]~’2,

(26.9-14)

and
I-k-rLr
~~-

LkI = [(~k~rLr - Lk)(~k~r,Lr, tk)]
- ½
: [(~.~rLr)2- (~kZk)2- (~rLr)2 + LkLk]1/2
= [ZkZk - (~rZr)2]v2

= JILl2 - ILl2 cos2(0)]½
= ILIIsin(0)l,

(26.9-15)

Electromagnetic radiation in an unbounded, homogeneous, isotropic medium 755

/

\

\

Figure 96.9-3 Near-field and intermediate-field polar radiation characteristic 3Lr~r~k - Lk.

/

\

\

i:i~lure 96.9-4 Far-field polar radiation characteristic
and
i~j,n,r~nLrl = (~jct,r.~.nLr~,n,,r,,.~n,gr,) 2
= [(~n,n,t~r,r, - t~n,r,t~r,n,)~nLr~n,Lr,]½
= [LrLr- ~r,Lr~rLr,]I/2
= [LrLr- (~’rLr) l
= JILl2 -ILl2 cos2(O)]~

= ILIIsin(O)l.

(26.9-16)
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0
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0
0
0
o

t:igure 26.9-5 Intermediate-field and far-field axial radiation characteristic -~,n,r~nLr,

All directional patterns are rotationally symmetrical around the axis of the current-carrying
conducting wire segment.

Time-domain electromagnetic field expressions for a Iossless medium
For the field emission in a homogeneous, isotropic and lossless medium with permittivity e,
permeability/z and electromagnetic wave speed c = (e/z)-1/2, the corresponding time-domain
expressions easily follow from the complex frequency-domain results by applying some
standard rules of the time Laplace transformation. The result is written as (see Equations
(26.9-6)-(26.9-12))
EFF,

(26.9-17)

and
(26.9-18)

/_~ =/_~IF +/_~FF,

in which the electric near-field contribution is given by
EkNF(x,t) = e-1 (3~k~r _ 6k, r)Lr ItI(t- IXI/c)
4~rlXi3 ’

(26.9-19)

the electric intermediate-field contribution by

I(t- IXI/c)

E~F (x’t) = (ec) -l (3El~Er - rk, r)Lr 4z~lXi2 ’
the electric far-field contribution by

(26.9-20)
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~tI(t- IXl/c)
E~F (x,t) --/.t(~k~r - ~k,r)Lr

4~rlXI

,

(26.9-21)

the magnetic intermediate-field contribution by
HfF (x,t) = _~j,n,r.~.~nLr I(t - IXl/c)

47rlXi2 ’
and the magnetic far-field contribution by
__’m~H f . (.~,t) = -c- lQ,n,rZnLr-

(26.9-22)

~tI(t- IXl/c)

,
(26.9- 23 )
4~rlXI
while there is no magnetic near-field contribution.
All time-domain expressions contain the travel-time delay IXI/c. With regard to the
dependence of the different terms on the distance of the source point b to an observation point
x and the directional patterns of the different terms, the same remarks as for the complex
frequency-domain results apply. The short segment of a conducting wire carrying a uniform
electric current is also denoted as a radiating electric dipole, with moment ~(s)Lr or I(t)Lr.
In many electronic devices, equipment or systems that operate in the quasi-static regime and
are designed at the basis of the Kirchhoff voltage and electric current laws of electric circuit
theory, the emission of electromagnetic radiation by the current-carrying conductors or circuit
elements is an unwanted effect that may degrade the performance of the devices, equipment or
systems in their electromagnetic environment. This aspect of ElectroMagnetic Compatibility
(EMC) will be further discussed in Chapter 30.
For the results of this section to be applicable, the wire segment should be short compared
to the smallest wavelength in the frequency spectrum of the applied electric current (frequencydomain description) or short compared to the minimum spatial extent of the field emitted by
the applied electric current pulse (time-domain description).

26. I0 The electromagnetic field emitted by’ small, conducting,
current-carrying loop
In this section we calculate the electric and the magnetic field strengths of the electromagnetic
field emitted by a small, conducting, current-carrying wire in the shape of a loop (Figure
26.10-1). Again/~ = 0 and, hence, 4~f = 0. Here, too, the thin-wire approximation is used, in
which the actual volume distribution of electric current is replaced by a wire current
concentrated at the centre wire of the loop, the wire current having the direction of the local
tangent to the loop.

Complex frequency-domain electromagnetic field expressions
For a conducting loop C carrying a uniform electric current of magnitude ~? = ](s) and for points
of observation not too close to the loop, the expression Equation (26.9-1) for the electric current
volume-source vector potential reduces to
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i(2)

Figure 26. | 0-1 Electromagnetic radiation from a small, conducting, current-carrying loop C. I = I(t)
is the (uniform) electric current in the loop; A is the vectorial area of the loop.

(26.10-1)
d x’~C

Let now b be the position vector of some fixed point close to the loop (for example, its
barycentre). Then, for a small loop, the integral on the right-hand side of Equation (26.10~-1)
can be approximated by using the zeroth- and first-order terms of the Taylor expansion of G in
x’ about b (Figure 26.10-2). Using the property
~(x- x’,s) = ~(x- b + b - x;s) = ~[x- b - (x’- b),s] ,

(26.10-2)

we have the Taylor expansion
~[x- b - (x’- b),s] = d(x - b,s) - (xt~ - b)~md(X - b,s) + o(Ix’-

as Ix’- hi--40,

(26.10-3)

about x’ = b. Since

~_.

dx[ = 0,
x" ~c

(26.10-4)

because of the fact that C is a closed loop, substitution of Equation (26.10-3) in Equation
(26.10-1) leads to
~(x,s)= -I"(S)Omd(x - b,s) ~ (X;n - bm)dx[ ,
d x’~C

(26.10-5)

or, using Stokes’ theorem of vector analysis (see Exercise 26.10-1),
~-~(X,S) "- --Ek,p,rn~(S)~m~(X.- b ,s) f x,~dAp ,

(26.10-6)

where the integral on the right-hand side is the vectorial area of the loop C and is extended over
some two-sided surface S of which C is the boundary curve. Introducing
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i(1)
~:igtl~’e 26. | 0-2 Electromagnetic radiation from a small, conducting, current-carrying loop C. I = I(t)
is the (uniform) electric current in the loop; A is the vectorial area of the loop and b is the point about
which the loop is centred.

~(s) = i(s) |,

(26.10-7)

d x~.S

as the magnetic moment of the loop, we can rewrite Equation (26.10-6) as
t~) Jk (x,s) = t?k,m,p~m [r~p(S)~(x - b,s)] .

(26.10-8)

Now, since ~k(~k, rn,p~m) -" 0 it is easily verified that
Okq3ff = 0.

(26.10-9)

Fu~he~ore,
~,n,r~n ~ ff = ~,n,rEr, m,p~n~m [~p(S)~(X - b,s)]

= (~j,m~n,, -- ~j,p~n,~n~m [~(S)~X-

:~p~[~(~)~(.-~,~)]-~j(~)O(x-~,~) for x-~.0, (~6.~0-~0)
where ~uation (26.2-4) has been used. Substitution of ~uations (26.10-8)-(26.10-10) in
~uations (26.9-2) and (26.9-~) yields

t~: - ~,~m [~(~)~(* - ~,~)],

(~6. ~ O- ~ ~)

and

Comp~son of ~uations (26.10-11) and (26.10-12) wi~ ~uations (26.~-1) and (26.~-2)
shows ~at the resulting elecVomagnetic field c~ be considered as due to a magnetic cu~ent
volume source vector potential having the value

4~: ~(~)~(._ ~,~).

(~6.~0-~)
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For this reason, the small, current-carrying conducting loop is also denoted as a magnetic dipole.
Substitution of Equation (26.10-13) in Equations (26.10-11) and (26.10-12) leads to
~ k = -~.k,m,p~ m ~JpK,

(26.10-14)

and
+ ~-l~j~p~bpK.

(26.10-15)

The further use of Equations (26.3-11 )-(26.3-16) leads to
/~/~ =/~ + !~FF,
and

(26.10-16)

/~j =/~jNF +/~j/F +/~jFF,

(26.10-17)

where the electric intermediate-field contribution is given by
~kIF (x,s) : ~ek, m,p,..,~m~p(S) exp(--~[X])

(26.10-18)

j~F(x,s) : ~Ek, m,p~m~(S) exp(-~lXD,

(26.10-19)

4z~lX[2 ,
the electric far-field contribution by

4~lXl

the magnetic near-field contribution by
IttjYV (x,s) = (3~j~p - dj,p)rhp(S) exp(-]3lXD
4z~[X[3 ’
the magnetic intermediate-field contribution by
I2IjIF (x,s) = ~,(3~j~p - dj,p)rhp(S) exp(-~)[X[)

4z~[X[2 ’

(26.10-20)

(26.10-21)

and the magnetic far-field contribution by
t2IjFF (x,s) = ~ 2(~j~p _ c~j,p)rhp(S) exp(-?3[X[),

4z~lXl

(26.10-22)

while there is no electric near-field contribution.
In these expressions,
X=x-b

(26.10-23)
is the vectorial distance from the chosen centre of the loop to the point of observation, and

Ej = Xj/[X[
(26.10-24)
is the unit vector oriented from the chosen centre of the loop to the point of observation.
As far the complex frequency-domain propagation factor, the dependence on the distance
between source and observation point and the directional patterns are concerned, the same
remarks as for the electromagnetic field emitted by a short, conducting, current-carrying wire
segment apply, be it that the roles of electric field and magnetic field are interchanged.
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Time-domain electromagnetic field expressions for a Iossless medium
For the field emission in a homogeneous, isotropic and lossless medium with permittivity e,
permeability/z and electromagnetic wave speed c = (e/~)W2 the corresponding time-domain
expressions easily follow from the complex frequency-domain results by applying some
standard rules of the time Laplace transformation. The result is written as (see Equations
(26.10-16)-(26.10-22))
(26.10-25)

Ek= E~F + E~FF
and

(26.10-26)
where the electric intermediate-field contribution is given by
E~F (x,t) = !2Ek, m,pEmAp OtI(t-

(26.10-27)

E~(x,O= ktC
-1 t~k,m,p~mm
,. O2t l(tISl/c)
p
4z~lRq

(26.10-28)

4~rlXIx ’
the electric far-field contribution by

the magnetic near-field contribution by

i(t IXl/c)

4~rlXI3 ’

the magnetic interme~ate-field contribution by
~W(x,O = c-1 (3~j~p - ~j,p)Ap ot[(t - IXI/c)
4MXI~ ’

(26.10-29)

(26.10-30)

and the magnetic f~-field con~ibution by
(26.10-31)
while there is no electric ne~-field contribution.
In ~ese expressions
(26.10-32)
is the vectorial area of the loop C.
As to the travel-time delay and other characteristics of the different terms, the same remarks
as in Section 26.9 apply.
In many electronic devices, equipment or systems that operate in the quasi-static regime and
are designed at the basis of the Kirchhoff voltage and electric current laws of electric circuit
theory, the emission of electromagnetic radiation by the current-carrying conductors or circuit
elements is an unwanted effect that may degrade the performance of the devices, equipment or
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systems in their electromagnetic environment. This aspect of ElectroMagnetic Compatibility
(EMC) will be further discussed in Chapter 30.
For the results of this section to be applicible, the dimensions of the loop should be small
compared to the smallest wavelength in the frequency spectrum of the applied electric current
(frequency-domain description) or small compared to the minimum spatial extent of the field
emitted by the applied electric current pulse (time-domain description).

Exercises
Exercise 26. 10-1
Let C be a bounded closed curve in ~3 and let S be some bounded two-sided surface that has
as boundary curve. Let, further, ~b = ~b(x) be a function that is continuously differentiable in
the neighbourhood of S. Then
f x~c(]) dXp = t~p,r,q f x~_d~q~ dAr

(26.10-33)

(Stokes’ theorem), where the direction of circulation along C and the orientation of dAr form a
right-handed system. Use Equation (26.10-33) to prove the step leading from Equation
(26.10-5) to Equation (26.10-6). Equation (26.10-33) can be proved by subdividing S into a
number of (small) planar triangles and applying the two-dimensional form of Gauss’ theorem
(see Section A.9) to the interior of each triangle.

96. | I Far-field radiation characteristics of extended sources (complex
frequency-domain analysis)
In many applications of electromagnetic radiation (for example, in telecommunications and in
radio and television broadcasting) one is often particularly interested in the behaviour of the
radiated field at large distances from the radiating structures. To investigate this behaviour, we
consider the leading term in the expansion of the right-hand sides of Equation (26.3-1)-(26.3-5)
as Ixl--->oo; this term is denoted as the far-field approximation of the relevant electromagnetic
field. The region in space where the far-field approximation represents the wave-field values
with sufficient accuracy is denoted as the far-field region. Since in the far-field region the mutual
relationship between the electric and the magnetic field strengths (though not their radiation
characteristics) prove to be the same for the field constituents generated by electric-current
sources and the field constituents generated by magnetic-current sources, it is advantageous to
investigate these relationships for the total field, which will be done below.
To construct the far-field approximation we first observe that
(26.11-1)
)]~/2 __ Ixl [1 - 2XsX.~/Ixl2 + Ix’12/Ix12]1/2,
from which by a Taylor expansion of the square-root expression about Ixl = oo, it follows that
I.~-- Xtl -" [(Xs-- Xf )(Xs -- X;

(Figure 26.11-1)
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~(1)
I:i~lure 96. | | - | Far-field approximation to the distance function from source point x’~)T to observation point x~R3:IXl = Ix- x’l = Ixl- ~x~ + O(Ix1-1) as

Ix - x’l = Ixl - ¢~x; + O(Ix1-1)

as Ixl-~oo,

(26.11-2)

where

¢s = xs/Ixl

(26.11-3)

is the unit vector in the direction of observation (note that in the far-field region certainly
Ix] 0). For the derivatives of Ix - x’l furthermore, we have
amlX - x’l = (Xm - Xm’)/Ix -- X’I .

(26.11-4)

This leads to
amlx- x’l = ~m + O(Ixl-~)

as krl~oo,

(26.11-5)

where the Order term follows from a Taylor expansion of I(xm-Xm’)/Ix-x’l- ~ml about
Ixl = o~. Using these results, the Green’s function of the scalar Helmholtz equation, Equation
(26.3-5), can, in the far-field region, be approximated by
d(x-x;s)- exp(-~lxl) exp(~sxs,) [1 + O(Ixl-1)]
as Ixl~oo,
(26.11-6)

4r~lxl

and its spatial derivatives by

~rnd(x- x’,s) = ("~m) exp(-~lxl) exp(~sxs,) [1 + O(Ixl-1)] as Ixl--,oo. (26.11-7)
4nlxl
Using Equation (26.11-6) in the expressions for the electric-current and magnetic-current
source vector potentials, Equations (26.3-3) and (26.3-4), we obtain their far-field approximations as
{(~rJ,~K}(x,s): {¢;’
^ J.~.
,¢/;
^ t¢;~,
}(~’,s) exp(-~lxl)
4z~lxl [1 + O(Ixl-1)]
in which

as Ixl~oo, (26.11-8)
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(26.11-9)
Using Equations (26.11-7)-(26.11-9) in the expressions of Equations (26.3-1) and (26.3-2) for
the electric and the magnetic field strengths, we obtain the latter’s far-field approximations as

{~t,~ }(x,s) = {~:~’}(~’,s) exp(-glxl) [1 + O(Ixl-1)] as Ixl--4oo,
4srlxl

(26.11-10)

in which
(26.11-11)
and

(26.11-12)
As Equation (26.11-10) shows, the electric and the magnetic field strengths have, in the far-field
region, the structure of a spherical wave that expands radially from the origin of the coordinate
system (which is also denoted as the phase centre of the far-field approximation), the latter
being chosen in the neighbourhood of the radiating sources, with an amplitude that depends on
the direction of observation and that decreases invers~ely proportionally to the distance from the
sources. The amplitude radiation characteristics {E~,/-~°°} depend only on the direction of
observation ~ and on s. Their dependence on ~ is the resultant of the dependence of the integrals
occurring in the right-hand side of Equation (26.11-9) on ~, and the electromagnetic far-field
polar and axial radiation characteristics ~k~r - ~k,r and -ej,n,r~n.
The far-field amplitude radiation characteristics of the electric and the magnetic field
strengths are not independent of each other. It is easily verified that the right-hand sides of
Equations (26.11-11) and (26.11-12) are interrelated in the following way:
t~k,m,p~mlQ; + ~/~k°° = 0,

^ ^oo ~/~jo~ 0.
-~j,n,rT~nEr + =

(26.11-13)
(26.11-14)

Now, relations of the kind of Equations (26.11-13) and (26.11-14) would also have resulted if
expressions of the type
{!~b/~j }= {!~,/_)joo} exp(_~sXs),
(26.11-15)
where/~ and @ only depend on the real unit vector ~’ and the time Laplace-transform
parameter s and not on x, had been substituted in the source-free electromagnetic field equations
pertaining to the homogeneous, isotropic medium under consideration. Wave fields of the type
of Equation (26.11-15) are denoted as complex frequency-domain uniform plane waves.
Observing that Ixl = ~sXs, we can therefore say that, after compensating for the (distance)-1
decay, the spherical-wave amplitudes in the far-field radiation pattern behave locally (i.e. for a
fixed direction of observation g") as if the wave were a uniform plane wave travelling in the
radial direction away from the source.
To exhibit the further properties of {E~,/~°°} we rewrite Equations (26.11-13) and
(26.11-14) as
t~k,m,p~raI2I; + ~’J~ = O,

(26.11-16)
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-~,n,r~n~° + ~/-)f° = 0,

(26.11-17)

in which
I~ = (~/~)½

(26.11-18)

is the electromagnetic plane wave admittance and
~= (~10)~4

(26.11-19)

is the electromagnetic plane wave impedance of the medium under consideration. Contraction
of Equation (26.11-16) with ~k and of Equation (26.11-17) with ~j leads to
~k!~ = 0

(26.11-20)

and
~j~j°° = 0,

(26.11-21)

respectively. Hence, the electric and the magnetic field strengths in the far-field region are
transverse with respect to the radial direction of propagation of the wave, and are, since
t~k,m,p and ~m have unit magnitudes, proportional with proportionality factors I~ or 2.
~on ins~.pe~ting the dependence of the integrals occurring in the expressions for
~ff; and ~jK; on ~’, a comparison of Equation (26.11-9) with Equation (26.1-11) shows that
{~ff;~’,~bT;=}(~,s) = {L,~}(~,s).

(26.11-22)

Consequently, in the far-field region only the spatial Fourier transforms of the source
distributions at the subset of angular wave-vector values jk = ~g are "visible".

Exercises
Exercise 26,11-1
Verify that Equations (26.11-11) and (26.11-I2) indeed satisfy Equations (26.11-13) and
(26.11-14).

26. | 2 Far-field radiation characteristics of extended sources (time-domain
analysis for a Iossless medium)
In this section we investigate the time-domain far-field radiation characteristics of the
electromagnetic field generated by extended sources immersed in a homogeneous, isotropic,
lossless medium with permittivity e and permeability/Z. For such a medium
~ = se,

(26.12-1)

~= s/z,

(26.12-2)
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and
~ = s/c,

(26.12-3)

with
c = (e/~)-1/2.

(26.12-4)

as the wave speed. Since the factor exp(-~lxl) = exp(-slxl/c) in the complex frequency domain
corresponds in the time domain to a time delay of Ixl/c, the time-domain equivalent of Equation
(26.11-10) is (Figure 26.12-1)
{ E~,H~}(~,t - lxl/c)
{ Ek,Hj } (x,t) - 4~xl
[1 + O(Ixl-1)] as Ixl~o~,

(26.12-5)

where Eft and Hj~ follow from Equations (26.11-11) and (26.11-12) as
J;.,,

E~ -" fl(~k~r - (~k,r)Ot~)r -b Ek, m,p(~m/C)~tdDpK;~°,

(26.12-6)

and
nj"~ = ~.(~j~p - ~j,p)~t~2bpK;~° - Ej, n,r(~n]C)~t(Ig/;°°.

(26.12-7)

In view of the property that the factor exp(~sX~) = exp(s~sX~/c) in the complex frequency
domain corresponds in the time domain to a time advance by the amount of ~sXs/C, the
time-domain equivalent of Equation (26.11-8)) is
{~Lq~pK}(x,t) = {q~rA~,~;"~}(~’t-lxllc) [1 +O(Ixl-1)] aslxl--+oo
4nlxl

’

(26.12-8)

in which, on account of Equation (26.11-9),
{ q~r’r;~,q~pK;°~ } (~’,t) = f {Jr,Kp}(X;t + ~sxj/c) dV.
,~Dr

(26.12-9)

From this, we further obtain for their temporal derivative
{ ~),qlS/;’~,{)tt]SpK;~} (~’,t) = f {~tJr,~tKp}(Xt, t + ~sX;/c) dV.

(26.12-10)

8x
As Equation (26.10-5) shows, the electric and the magnetic field strengths have, in the far-field
region, the shape of a spherical wave that expands radially away from the chosen origin of the
coordinate system (that is located in the neighbourhood of the sources and that is denoted as
the reference centre of the far-field approximation), with an amplitude that depends on the
direction of observation and that decreases inversely proportionally to the distance from the
source to the point of observation. The amplitude radiation characteristics {Eff’,Hf*} depend
only on the direction of observation ~’, and on the pulse shapes of the source distributions. The
dependence on ~ is the resultant of the dependence on ~" of the integrals occurring in the
right-hand sides of Equation (26.12-10) on ~’, and the electromagnetic far-field polar and axial
radiation characteristics ~l~r - (}k,r and -Ej,n,r~n, respectively. Note that in the right-hand sides
of Equations (26.12-6) and (26.12-7), via Equation (26.12-10), only the time-differentiated
pulse shapes of the volume source current densities occur.
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Figure 26. | 2- | Far-field approximation to the distance function from source point x’~D~’to observation point x~R3:lXI = Ix- x’[ = Ixl- ~sx; + O(Ix1-1) as Ixl~oo.

The far-field amplitude radiation characteristics of the electric and the magnetic field
strengths are not independent of each other. It is easily verified that the right-hand sides of
Equations (26.10-6) and (26.10-7) are interrelated in the following way:
8k, m,p(~m[c)n; + 8Ek~ = 0,

(26.12-11)

-~j,n,r(~n[c)gr +/tz[-~~° = O .

(26.12-12)

Now, relations of the kind of Equations (26.12-11) and (26.12-12) would also have resulted if
expressions of the type
(26.12-13)
had been substituted in the source-free electromagnetic field equations pertaining to the
homogeneous, isotropic, lossless medium under consideration and the causal relation between
this wave field and its sources (that are located elsewhere in space), which entails zero initial
values in time, had been used. Fields of the type of Equation (26.12-13) are denoted as uniform
electromagnetic plane waves. Observing that Ixl = ~sxs, we can therefore say that, after
compensating for the (distance)-1 decay, the spherical-wave amplitudes in the far-field radiation
pattern behave locally as if the wave were a plane wave travelling in the radial direction away
from the source.
To exhibit the further properties of {Eff,/-~°~} we rewrite Equations (26.12-11) and
(26.12-12) as
l~k,m,p~mH; "b YE~° = O,
(26.12-14)
-~j,n,r~nE2 + ZHj°~= O,

(26.12-15)

in which
Y = (ellz)~A

(26.12-16)

is the electromagnetic plane wave admittance and

z=’/2

(26.12-17)
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is the electromagnetic plane wave impedance of the medium under consideration. Contraction
of Equation (26.12-14) with ~k and of Equation (26.12-15) with ~j leads to
~/~E~ = 0

(26.12-18)

and
~jHj°° = 0,

(26.12-19)

respectively. Hence, the electric and the magnetic field strengths in the far-field region are
transverse with respect to the local direction of propagation of the wave, and are, since etc, m,p
and ~m have unit magnitudes, proportional with proportionality factors Y or Z. Furthermore,
E~, /~’ and ~s form a right-handed system of orthogonal vectors in each direction of
observation in the far-field region.

Exercises
Exercise 26. 12-1
Verify that Equations (26.12-6) and (26.12-7) indeed satisfy Equations (26.12-11) and
(26.12-12).
Exercise 26,12-2

Let F = F(x,t) be a tensor function of arbitrary rank, defined over some subdomain D of R3 and
for all t~R. In addition, let OtF(x,t) = 0 for all x~D and all t~, while F(x,to) = 0 for all x~.
Show that also F(x,t) = 0 for all x~ and t > tO. (Hint: Note that
t

~t

0 = Ot,F(x,t’) dt’= F(x,t) - F(x, to).
’-_to
26.13 The time evolution of an electromagnetic wave field. The initial-value
problem (Cauchy problem) for a homogeneous, isotropic, Iossless medium
In this section a solution is presented for the initial-value problem (Cauchy problem) for an
electromagnetic wave field in a homogeneous, isotropic, lossless medium with permittivity e,
permeability kt and electromagnetic wave speed c = (e~)-1/2. From the given initial values
Ek(x, to) of the electric field strength and Hj(x, to) of the magnetic field strength in all space at
the instant to, the values of E~ = El~(x,t) and/-/j = Hj(x,t) at all succeeding instants t > to are to
be constructed in case nowhere in the medium sources are active for t>~ t0. Thus, we are looking
for the pure time evolution for t > to of the electromagnetic wave field, given its values of the
electric and the magnetic field strengths at t = to. From Equations (24.1-3) and (24.1-4) we learn
that this problem can be solved by transforming Equations (26.3-1)-(26.3-5), back to the time
domain for the particular case where
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Jr = -eEr(x, to) exp(-st0],

(26.13-1)

and
~p =-#Hp(X, to) exp(-st0).

(26.I3-2)

Substitution of Equations (26.13-1) and (26.13-2) in Equations (26.3-3) and (26.3-4) leads to
exp [-six - x’[/c - stO]
cb" rS (x,s) = -eI~ Er(x;to)
dV
(26.13-3)
4~rlx - x’l
dx’~
and
c~pK(x,s) = -# I
Hp(x;to) exp I-six- x’l/c - sto] dV.
4z~lx - x’l
3x,~R3

(26.13-4)

The integrals on the right-hand sides of Equations (26.13-3) and (26.13-4) will be rewritten
such that their time-domain counterparts can be obtained by inspection. This is accomplished
by introducing spherical polar coordinates about the observation point x as the variables of
integration. Consider, to this end, the generic expression
exp [-six - x’l/c - stO]
dV.
(26.13-5)
ff~(x,s) = , q(x’,to)
4z~lx - x’l
dx ~.

f

On the right-hand side, c(v - to), with z- ~> t0, is now taken as the radial variable of integration
and the unit vector 0 with 0~2, where 12 denotes the sphere of unit radius, as the angular variable
of integration. Then,
x’ = x + c(r - t0)0,

(26.13-6)

and, since OmOm = 1,
Ix- x’l = c(r- to),

(26.13-7)

and hence
Ix-x’l/c + to = z,,

(26.13-8)

while
dV= c3(z, - t0)2 dz, dO,

(26.i3-9)

where dO is the elementary area on ~. With this, Equation (26.13-5) is rewritten as
~x,s) = exp(-s~)c2(z-- to)(q(x’,to))s[x,c(~_to)] dz,,
=to
in which
1 ~o q [x + c(z,- to)O,to] dO
(q(x; to))s[x,c(~_to)] = 4~r ~

(26.13-10)

(26.13-11)

denotes the spherical mean over the sphere S[x;c(z,-z-0)] with its centre at x and radius

c(z,- to).
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Now, the right-hand side of Equation (26.13-10) has the form of the Laplace transformation
of a causal function of time whose support is {t~R;t > to}. In view of the uniqueness of the
Laplace transformation with real, positive transform parameter (see Section B.1), the time-domain counterpart cl>(x,t) of ~(x,s) is given by
q~(x,t) =c2(t- to)(q(x’,to))5[x,c(t_to)] for t >~ tO.
(26.13-12)
Using this generic result, the time-domain counterparts of Equations (26.13-3) and (26.13-4)
are obtained as
qg/(X,t) = -,c2(t - to)(Er(X’, to))s[x,c(t_to)]

for t ~> to

(26.13-13)

and

¯ ;(x,t) = -/ucZ(t- to)(Hp(x;to))s[x,c(t_to)] for t >~ to.

(26.13-14)

In terms of these source vector potentials the expressions for the electric and the magnetic field
strengths follow from Equations (26.4-7) and (26.4-8) as
Ek(X,t) = -/uOtq~ J~ + ~.-l~kOrltC2b/- ek,rn,pOmC2b; for t >~ to,

(26.13-15)

and
for t ~> to.

(26.13-16)

Equations (26.13-13)--(26.13-16) constitute the solution to the electromagnetic initial-value
problem and govern the time evolution of an electromagnetic field in a homogeneous, isotropic,
lossless medium.

Exercises
Exercise 26. 13-1
Construct the solution to the initial-value problem (Cauchy problem) of the three-dimensional
scalar wave equation
OmOrnlt -- C-237U = 0

(26.13-17)

for t > to if u(x,to) = u0 (x) and Otu(x,to) = vO(x).
(a) Take the time Laplace transform of Equation (26.13-17) over the interval t0<t<oo and
show that
OmOm~ - (s2/c2) t~ = --c-2v0(x) exp(-st0) - c-2suo(x) exp(-st0).
(26.13-18)
(b) Show that the solution to Equation (26.13-18) is given by
exp [-six - x’]/c - stO]
~(x,s) =
~(x’)
dV,
,~ x’~3
4ztlx-

f

(26.13-19)

in which
~(x’) = c-2 [v0(x’) + suo(x’)].

(26.13-20)
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(c) Introduce spherical polar coordinates about the observation point x as the variables of
integration and show that
~(x,s) =

exp(-s~’)(~ - to){vo(x’))s[~,c(~_to)]
~o

+s

exp(-s~:)(r- to)(uo(X’))s[x,c(~_to)l dr,
to

(26.13-21)

in which
1f
(uo(X’
)).~[x,c(~r_to)] = ~

Uo[X + c(~ - t0)0] d~2

(26.13-22)

is the spherical mean over the sphere S[x,c(r - to)] with its centre at x and radius c(~: - to).
(d) Use the uniqueness of the time Laplace transformation to show that
u(x,t) = (t- to)(Vo(X’))s[x,c(t_to)] + Ot {(t- to)(Uo(X’))s[x,c(t_to)] } for t ~> to. (26.13-23)
Equation (26.13-23) is Poisson’s solution to the initial-value problem of the three-dimensional
scalar wave equation.
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