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Summary

A reciprocity relation between the transmitting and the receiving properties
of an antenna is derived. In the transmitting situation a certain part of the
antenna, called ‘“‘source domain’’, is capable of carrying external currents,
both of the electric and the magnetic type. In the receiving situation a plane
electromagnetic wave is incident upon the antenna system.

Whereas the customary way of deriving reciprocity relations in antenna
theory starts with considering two separate antennas, the present method
assumes a single antenna only.

§ 1. Introduction

One of the basic theorems in the electromagnetic theory of antennas
is a reciprocity relation between the transmitting and the receiving
properties of an antenna. The customary form of this reciprocity
relation (see, for example, [1]) applies to two different antennas a
finite distance apart, each of them playing in turn the role of
transmitting antenna or receiving antenna. In technical appli-
cations, however, one frequently employs the reciprocity theorem
to relate the radiation pattern of a transmitting antenna to the
pattern of the same antenna when it is receiving an incident plane
wave. Clearly, for the latter problem a reciprocity theorem appli-
cable to a single antenna is required. Now, such a reciprocity re-
lation can be obtained from the aforementioned reciprocity theo-
rem applicable to two separate antennas by letting the mutual
distance between the antennas become very large and considering
the limiting form of the relation between the electromagnetic field
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quantities involved. This technique has been employed by Stevenson
[2] for the special case of a perfectly conducting antenna. In the
transmitting situation the antenna is fed by a slice generator and
in the receiving situation it is connected to a load (the properties
of which can be expressed in terms of a low frequency impedance).
The purpose of the present paper is to derive a reciprocity re-
lation between the transmitting and the receiving properties of a
single antenna without having to resort to the corresponding
problem for two separate antennas. The employed method has
been used before to derive a reciprocity theorem for the electro-
magnetic scattering of a plane wave by a bounded obstacle [3].

§ 2. Description of the configuration

The antenna system under consideration occupies a bounded do-
main ¥~ in space; the boundary of ¥ is a sufficiently regular closed
surface &. The Cartesian coordinates of a point in space are de-
noted by %1, %2, and x3; the time variable is denoted by ¢ The
usual subscript notation for Cartesian vectors and tensors is used;
all subscripts are to be assigned the values 1, 2, 3. The position
vector is denoted by &. The electromagnetic fields occurring in the
transmitting as well as in the receiving situation are assumed to be
harmonic in time with the same angular frequency w. The complex
representation of the field vectors is used; in the formulas the
complex time factor exp(—iwt), common to all field components, is
omitted.

The antenna consists of a (lossy) medium whose electromagnetic
behaviour is linear; its properties are characterized by the complex
tensor permittivity e; = &5(%; w) and the complex tensor perme-
ability i = ui(w; o). The permittivity and the permeability are
assumed to be continuous functions of position, with the possible
exception of a finite number of sufficiently regular bounded surfaces
across which they may jump by finite amounts. Across such a
discontinuity surface the tangential parts of the electric and the
magnetic field are continuous.

In the transmitting situation a subdomain ¥" .., 0f ¥~ is capa-
ble of carrying ‘‘external” currents, both of electric and magnetic
type. These external currents represent the sources through which
power of nonelectromagnetic origin can be delivered to the system.
The boundary of ¥y upee 1S @ sufficiently regular closed surface
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& ouree: 111 the receiving situation no external currents are present.

The medium outside the antenna system is linear, homogeneous,
isotropic, and lossless (which includes the case of free space) with
real scalar permittivity o and real scalar permeability uo.

In the following E = E(x; w) denotes the electric field and H =
— H(x; w) the magnetic field. The superscript ‘T (‘R’) is used to
denote the transmitting (receiving) situation.

§ 3. The antenna as a transmitting system

In the transmitting situation the antenna carries time harmonic ex-
ternal currents. Let JT = JT(¥; w) be the volume density of ex-
ternal electric currents and let KT = KT(x; w) be the volume densi-
ty of external magnetic currents; JT and KT differ from zero in
Y cource ONLY. In ¥ the electric field ET and the magnetic field HT
then satisfy the inhomogeneous Maxwell equations

3
(curl HY); + i Y elEf = J7 (i=1,2,3) (3.1)
: j=1

Wl
3
(curl ET); —io ¥ piHI = —K] (i=1,2,3). (3.2)
=1

In the domain outside the antenna system ET and HT satisfy the
homogeneous Maxwell equations

curl HT 4 iweoET = 0 (3.3)
curl ET — iwuoHT = 0. (3.4)

In addition, the transmitted field satisfies the radiation conditions

(see [4])
# x HT — (eofuo)* ET = O(r2) as r-—>oo, . (3.5a)

# x ET & (uojeo)t HT = 0(r—2) as # —>oo,  (3.5b)

in which 7 & (¥-#)* = 0 and £ = &/7. In consequence of (3.3)—(3.5)
the following expansion holds (compare [5])

Ex,; o) = E%g:‘)’—”) FT(f,; o)[l & O(rzY)] as 7, — oo,
P
(3.6)
(rofea)* H¥s; @) = ZB2) o iy )it + 0]
T g

as 75 oo, (3.7)
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where the factor FT(f,; w) is given by
FT(f,; w) = ikofy X [ [ [t X ET(x; w)] exp(—ikof, ) dS +
¥

— iko(po/e0)t 5 X
s {f, % [ [ (A X HY(x; 0)] exp(—ikefy %) dS).  (3.8)
&

In these expressions &, is the position vector of a point & of obser-
vation, 1 is the unit vector in the direction of the outward normal

to & and
ko dof (Solu())% = 297:/10,

Jo being the wavelength in the medium outside the antenna system.
It is noted that f,-FT = 0. Although the surface of integration in
(3.8) could be any sufficiently regular closed surface completely
surrounding the antenna system, it is convenient to choose the
boundary & of the antenna system. In (3.8) the limiting values of
fi X ET and n x HT when approaching & from the outside have
to be taken. However, due to the continuity of the tangential parts
of ET and HT across &, the value of the integrands is unambiguous.

§ 4. The antenna as a receiving system

In the receiving situation a time harmonic plane electromagnetic
wave is incident upon the antenna system. Since in the receiving
situation the antenna carries no external currents, the electric field
ER and the magnetic field H® satisfy in ¥~ the homogeneous
Maxwell equations

curl H®); -+ io 2 BRER =0 (1=123 4.1
( z ) (4.1)

]
(curl EB); — i 5 uBHE =0 (=1,2,3). (4.2)
7'_

In the domain outside the antenna system the scattered field E,
Hs is defined as the difference between the total electromagnetic
field ER, HR and the incident field Ef, Hi:

Es &t ER _ Ei (4.3)
Hs &t HR — Hi, (44
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The incident field is the plane wave
B! — B exp(—ikop-4) (4.5)
H! = (sofuo)t [B % f3] exp(—ikof-#), (4.6)

where B = B(w) specifies the amplitude and the state of polar-

ization (in general, elliptic) and —f is the unit vector in the di-
rection of propagation. Since the wave is transverse, we have

B-p = 0. In the domain outside the antenna system both the inci-
dent and the scattered field satisfy the homogeneous Maxwell
equations

curl Hi:8 + iwegEl:8 = 0 (4.7)

“ curl ELS — iouoHL® = 0. (4.8)

In addition, the scattered field satisfies the radiation condition
(compare (3.9))

f x Hs — (go/uo)t B = 0(2) as 7 —oo (4.9)
f X Es + (uofeo)t H® = O(r—2) as 7 — oo. (4.10)

In consequence of (4.7)—(4.10) an expansion of Es, H® similar to
(3.6)—(3.8) holds; the detailed form of this expansion is, however,
not needed in the course of our investigation.

§ 5. The reciprocity relation

The reciprocity relation is derived with the aid of Lorentz’s reci-
procity theorem (see Appendix). This theorem can be applied, pro-
vided that the medium present in the transmitting situation and
the medium present in the receiving situation are related through
ey = efy and uf; = pg at all points in ¥". (If the media are recipro-
cal, T = g™ and pjp" = pi™, then the medium in the trans-
mitting situation is identical with the one in the receiving situation.
When unidirectional devices are present, the direction of blocking
must be reversed when switching from transmission to reception.)

In the first place (A.l) is applied to the domain bounded in-
ternally by & and externally by &, where & denotes the surface
of the sphere with radius » around the origin (r > 7o, if &, is the
smallest sphere around the origin, completely surrounding the an-
tenna system). The electromagnetic fields in (A.1) are chosen as
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follows: EA = ET, HA = HT and E®B = Es, HB = H5. From (3.6),
(3.7), and a similar expansion of ES, H® it follows that

[[(ET x Hs — Es x HY)-#dS = 0(1) as #-—>oo.  (5.1)
Pr

As the domain bounded internally by & and externally by &, is
free from external currents, both in the transmitting and the re-
ceiving situation, we obtain from (A.1) and (5.1) by taking the
limit 7 — oo

{ [ (ET x H® — Es x HT)-n dS = 0. (5.2)
&£

In (5.2) the limiting value of the integrand when approaching &
from the outside has to be taken. Further we have, by inspection,
from (3.8), (4.5), and (4.6)

[ ] (BT x Hi — Ei x HT)-7dS = (iopo) B-FT(f; ). (5.3)

Addition of (5.2) and (5.3) yields, in view of (4.3) and (4.4),

[ (E* x H® — ER x HY)-11dS = (iouo)™t B-F(8; »).  (5.4)
2 .

In the left hand side of (5.4) the limiting value of the integrand
when approaching & from the outside remains to be taken.

Secondly, (A.1) is applied to the domain ¥~ bounded by &,
while the electromagnetic fields are chosen as follows: EA = ET,
HA = HT and EB = ER, HB = HR, In view of (3.1), (3.2), (4.1),
and (4.2) we have JA = JT, KA = KT and JB = 0, KB = 0, where-
as JT and KT vanish outside ¥ ygupee- Lhe result is

[ (ET x HR — ER x HT)-71dS =
&

= (|| (JJT-E®R — KT-H®)dV. (5.5)
'Vsource
In the left hand side of (5.5) the limiting value of the integrand
when approaching & from the inside has to be taken. Combining
(5.4) and (5.5) and making use of the continuity of n x E%R and
n X HTR across &, we obtain the final result

[§] (T ER — KT-H®) dV = (iopo)~2 B-FT(§; 0).  (5.6)
¥ source

Equation (5.6) is the reciprocity relation to be proved.
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When (5.6) is applied to an antenna consisting of a thin con-
ducting wire, it has to be replaced by (as KT = 0 in this situation)

[ ITER-F ds = (iope)~t B-F1(B; w), (5.7)
&
where % denotes the antenna, 7 is the unit vector along the tangent
to & and IT is the current distribution in the transmitting situation.

Appendix

Lovents's theovem. Let EA:B, HA,B be time harmonic electromag-
netic fields, generated by external currents with volume density
JA,B and KA'B, in a medium with complex tensor permittivity
esr® and complex tensor permeability piy® which satisfy the con-
ditions stated in § 2. Let & be a sufficiently regular bounded closed
surface and let ¥~ be the domain inside <. Then

([ (EA x HB — EB x HA)-71dS =
&
— [ (—EA-JB 4 EB-JA — HB-KA 4 HA-KB) AV, (A.l)
v

proﬁded that eff = ey and ug; = pj; at all points in #” or on &.
The proof follows from an application of Gauss’ divergence theorem
and the use of Maxwell’s equations (cf. [6]).
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